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ABSTRACT OF DISSERTATION

Peridynamic Material Correspondence Models: Bond-Associated and Higher-Order
Formulations
Peridynamic material correspondence model is able to incorporate material constitutive models directly from classical continuum mechanics theory. However, conventional correspondence model faces two major technical issues for its application to
practical problems. The first is the material instability, which results severe oscillations in the predicted displacement fields. The second issue is the length scale effects
of materials mechanical behavior at low length scales. This research journey mainly
consists of three stages. The first two stages of this research journey focus on the
development of the bond-associated peridynamic material correspondence model to
inherently remove the material instability. The last stage focuses the development of
the higher-order peridynamic material correspondence model to capture length scale
effect at low length scale. In this paper, a reformulation of the bond-associated correspondence model was proposed. Detailed studies on the wave dispersion relations,
static deformation problems support that the reformulation significantly improves the
material stability of the original bond-associated correspondence model. In addition,
A numerical study of the higher-order peridynamic material correspondence model is
conducted to verify the material stability and show the capability of the higher-order
formulation in capturing the length scale effect in materials accurately.
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Chapter 1 Introduction

1.1

Limitations of Classical Continuum Mechanics Theory

The mathematical framework of classical continuum mechanics theory was developed
based on two fundamental assumptions, i.e., medium continuity and interaction locality. The continuity assumption treats material medium as a continuous body consisting of infinitely many volumeless material points. The locality assumption requires
that material points of the continuous medium can only interact with its nearest
neighboring material points, i.e., non-contact interaction is prohibited in the classical
continuum mechanics theory. Despite its great success in analyzing and modeling the
mechanical behavior of continuous medium at macro-scale where material underlying
microstructure can be presumably neglected, classical continuum mechanics theory
breaks down when its two fundamental assumptions are no longer satisfied. Firstly,
classical continuum mechanics theory fails to handle material spatial discontinuities,
such as crack tips due to its underlying mathematical setup. This inability to handle
material spatial discontinuities can be traced back to the kinematic requirements of
a sufficiently smooth and differentiable deformation field. The differential equations
of equilibrium are shown as follows,
∂σxx ∂σxy ∂σxz
+
+
=0
∂x
∂y
∂z
∂σyx ∂σyy ∂σyz
fy +
+
+
=0
∂x
∂y
∂z
∂σzx ∂σzy ∂σzz
+
+
= 0.
fz +
∂x
∂y
∂z

fx +

(1.1)

It can be seen that the derivative terms do not have valid values at the material
discontinuities. Finite-element-method-based approaches, such as the extended finite
element method (XFEM) [1] and the cohesive zone elements (CZE) [2] were developed to avoid the spatial singularity on mechanics problems. However, those methods
still have difficulties in modeling crack initiation and growth accurately [3]. Secondly,
classical continuum mechanics theory cannot capture the size-dependent behavior in
materials at small scales. Experiments [4, 5, 6, 7, 8, 9, 10, 11] have repeatedly shown
that material behavior at nano or sub-nano scales exhibit strong length-dependency.
This limitation arises from the fact that the constitutive models used in classical
continuum mechanics theory possess no internal material lengths. Generalized continuum theories, such as strain gradient theory [12, 13, 14] and couple stress theory
[15, 16, 17], were developed to capture the length scale effects. Introducing higherorder deformation measures, such as deformation gradients in the constitutive models
allowed these theories to take account of these phenomena; however, modeling material failure with generalized continuum theories is a persisting challenge. There is a
longstanding need for a consistent mathematical framework that is capable of both
modeling material failure and capturing the size-dependent behavior of materials.
1

1.2

Peridynamics Theory

As an extension of classical continuum mechanics theory, the peridynamics (PD)
theory was first introduced by Silling [18] to address the spatial discontinuities and
long-range interactions in materials[19]. Peridynamics generalizes classical continuum
mechanics theory by treating the physical body as a collection of finite-sized material
points that interact across a finite distance, called material horizon, with neighboring
material points. In peridynamics theory, the stress divergence terms in the governing
equations of the classical continuum theory are replaced with a nonlocal integral term
as following,
Z
 




(1.2)
ρü x, t =
T x, t ⟨ξ⟩ − T x′ , t ⟨−ξ⟩ dVx′ + b x, t .
Hx

Unlike spatial derivatives, the spatial integrals exhibit valid values at the locations
of material discontinuities. This integro-differential framework of peridynamics allows the theory to directly model material failure without using externally devised
techniques. Another remarkable feature of peridynamics is that it allows long-range
force between material points separated by a finite distance. The peridynamics theory naturally solves the issues of spatial discontinuity and long-range interaction in
a solid medium.
Based on how the interactions between material points are defined (which is also
called a bond, see Figure 1.1), the peridynamic models can be categorized into three
different types [20]: the bond-based peridynamic model (BPD), the ordinary statebased peridynamic model (OSPD), and the non-ordinary state-based peridynamic
model (NOSPD). The BPD model is the first peridynamic model introduced by Silling
in 2000 [18]. In this model, the interaction forces between two interacting material
points have the same magnitude toward one another. The interaction force is directly
related to the change of distance between the two material points only. However, this
force function results in two major issues that limit the practicability of the BPD
model. First and foremost, this force function oversimplifies the interaction between
material points, as it only considers the total deformation of a bond without distinguishing the contribution from distortional and volumetric deformations. This
oversimplification results in a restriction on the Poisson’s ratio in the BPD model,
i.e., ν = 13 for plane stress analysis, and ν = 14 for plane strain and three-dimensional
analysis. Secondly, the BPD model requires the material constitutive models to be
represented in term of pairwise force-stretch relations; this is inconsistent with the
classical continuum theory, in which material models are described in terms of deformation tensors and stress tensors. This difference in formulations makes the BPD
model only valid for linear elastic materials. The state-based peridynamic models
were developed later to remove the limitations of the BPD model by introducing a
new mathematical concept called state [20]. In the OSPD model, the interaction
forces between a pair of material points are always in the direction connecting the
two material points, but their magnitudes are not necessarily equal as in the BPD
model. This difference in the interaction force magnitudes enables the OSPD model
to decouple the distortional and volumetric deformations. Consequently, the con2

straint on Poisson’s ratio is removed in the OSPD model, solving the issue in the
BPD model. The OSPD model is still not applicable to anisotropic non-linear materials in general, since the force magnitude must be determined from the peridynamic
form of the strain energy density. In the NOSPD model, not only the magnitudes of
interaction forces could be unequal, but the directions are also not necessarily parallel
to the deformed direction connecting the two material points. The interaction forces
described in the NOSPD model adopt the material constitutive models directly from
the classical continuum mechanics theory and significantly enhanced the applicability
of the peridynamics theory to general materials.

(a)

(b)

(c)

Figure 1.1: A schematic diagram of the force density state pair in a) BPD model, b)
OSPD model, and c) NOSPD model
Because of the long-range interaction between material points, non-linear wave
dispersion behavior is induced in nonlocal theories. Many studies have been conducted to derive and analyze wave dispersion relation in peridynamics, such as the
BPD model [21], the OSPD model [22] and the NOSPD model [23]. There are two
major reasons for the investigation of the wave dispersion behavior in general nonlocal models. First, the wave dispersion properties may help to give a physical-based
interpretation of the model parameters. For instance, while the wave dispersion phenomenon is observed in experiments, the dispersion relation provides a connection
between the micro-structure of real materials and the peridynamic parameters. Second, the wave dispersion relation can be used to check for the existence of zero-energy
modes in the peridynamic models, and thus it serves as a tool to testify if a zeroenergy-control method is valid or not.
1.3

Conventional Peridynamic Material Correspondence Model

Among different peridynamic models, the material correspondence model under the
category of the NOSPD model is especially attractive due to its ability to directly
incorporate material constitutive models from the classical continuum mechanics theory. In comparison to the BPD and the OSPD models in which the interaction forces
depend explicitly on the bonds stretch within the family, the force density state in
the NOSPD correspondence model is evaluated using an approximated nonlocal deformation gradient. However, the material correspondence model initially proposed
by Silling et al. [24] suffers from some practical difficulties, such as non-invertibility.
This non-invertibility can be understood as the existence of many possible deformation states within a material point’s family that results in the same force state for
a bond [25]. Consequently, there could be many possible deformation states of the
3

entire body under a given loading that satisfy the equilibrium conditions, resulting in
severe oscillations in the prediction (see Figure 1.2 for illustration). Many attempts
have been made to resolve the zero-energy modes issue in the conventional material
correspondence model, such as fictitious spring-force-based methods [26] stabilizedfield-based methods [27], and the bond-associated method [28, 29]. Although they
can be used to alleviate instabilities arising from zero-energy modes, these methods
have their own issues and limitations, such as tedious parameter tuning, problematic
stress oscillation, and surface effect. To take advantage of the correspondence model
for general materials modeling, there is a strong need for an effective method for
controlling the zero-energy modes.

Figure 1.2: Severe oscillations caused by zero-energy modes in the conventional material correspondence model for a two dimensional plate under tensile loading.

1.4

Bond-Associated Peridynamic Correspondence Model

The formulation of bond-associated correspondence model was proposed in 2018 by
Chen [28]. Unlike in the conventional correspondence model, the deformation gradient
in the bond-associated model is formulated using the deformation states within a
subset other than the entire material horizon of a material point. The force density
state of a bond is constructed using a unique deformation gradient associated with
that bond. This is in contrast to the conventional correspondence model, in which
force density states of all bonds within the same material horizon share the same
deformation gradient at a material point. The bond-associated formulation facilitates
a unique mapping between the deformation states and force density states. This
proposed formulation inherently removes the material instability issue in the material
correspondence model without introducing additional stabilization terms. Previous
numerical studies showed that the bond-associated material correspondence model is
effective in removing material instability [29]. However, no parametric studies were
conducted on investigating the effects of peridynamic parameters on the stabilization
of the formulation. There was a need for a systematic study on the performance of
the bond-associated material correspondence model.

4

1.5

Higher-Order Peridynamic Material Correspondence Model

To capture the length-scale effect in material mechanical behavior in a similar way
as the higher-order continuum theory, a higher-order peridynamic material correspondence formulation was proposed recently by Chen and Chan [30] based on the
higher-order deformation gradient. This proposed formulation provides a means to
incorporate the higher-order constitutive relations from the strain gradient theory
into the framework of peridynamic correspondence models. In the initial work, Chen
and Chan derived a relation that connects the Type II strain gradient formulation
with the higher-order correspondence formulation. The proposed model is supposed
to capture the size effect while preserving the benefits of the conventional peridynamic
correspondence models. Although the theoretical framework of the higher-order peridynamic correspondence model had been established, the performance of the model
in capturing the length scale effect was still unknown. In addition, the higher-order
formulation could possibly suffer the same material instability that the conventional
correspondence model does. There was still a need for detailed numerical studies for
verifying the performance of the higher-order peridynamic correspondence model.
1.6

Structure of Research

This research journey is build upon two main objectives with regard to the development of the peridynamic material correspondence model. The first is to develop
a technique that resolves the zero-energy modes in the correspondence model. The
second goal is to develop a formulation that allows the peridynamic correspondence
model to capture the length scale effect in materials. The remainder of this dissertation is organized as follows. In Chapter 2, a detailed study on the wave dispersion
of the bond-associated correspondence material models is conducted. This work investigates the effects of periydnamic parameters on the stabilization of the model. In
Chapter 3, a reformulation of the bond-associated correspondence model is proposed.
Numerical studies on wave dispersion, static deformation and dynamic wave propagation problems are presented to compare the performance of two bond-associated
formulations. Chapter 4 focuses on the numerical study of the higher-order peridynamic correspondence model. Connections between the second-order model with all
three types of Mindlin’s first gradient theory are established. An implicit solution
scheme based on automatic differentiation method is developed for linear elastic deformation problems. Moreover, a linear elastic problem is presented to verify the
performance of the second-order material correspondence model.

Copyright© WaiLam Chan, 2022.
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Chapter 2 Systematic Wave Dispersion Study of Form I Peridynamic
Bond-Associated Correspondence Model

2.1

Background

The peridynamic bond-associated material correspondence model is a reformulation
of the conventional correspondence model, in which the concept of bond-associated
state was introduced to inherently remove the material instability. Numerical studies,
in terms of deformation analysis, have shown the effectiveness of the bond-associated
model in removing the material instability. In this study, the bond-associated model
is further examined concerning its wave dispersion property. Detailed procedure to
derive the wave dispersion relation in this model is outlined. Different combinations of
the peridynamic material point horizon and the bond-associated horizon are studied
for all three geometric dimensions. Potential effects of weight function on the wave
dispersion property are also investigated. It is found that the bond-associated material correspondence model can effectively remove the material instability for practical
applications. However, for all one-dimensional cases studied, except the conventional
model, the initial slopes of all the wave dispersion curves are slightly larger than that
predicted by the classical continuum mechanics model. For two-dimensional analysis, material instability still exists for the combination of the peridynamic material
point horizon being twice of the mesh spacing and the bond-associated horizon being
three times of mesh spacing. But compared to the conventional model, the material
instability for this case was slightly improved as the intersections of the wave dispersion curve with the wavenumber axis were reduced from two to one. For the three
representative weight functions studied, it is found that the weight function doesn’t
significantly change the wave dispersion relation in the bond-associated material correspondence model, except for the one-dimensional cases.
2.2

Introduction

The peridynamic material correspondence model has the unique capability of directly
adopting the material constitutive models from the classical continuum mechanics
theory [20], which greatly facilitates the modeling of general nonlinear inelastic material behavior within the peridynamics framework. However, the conventional peridynamic material correspondence model suffers from a practical issue known as the
material instability [25], which is manifested in the form of existing of zero-energy
modes in the deformation field. The zero-energy modes issue can be understood as
direct consequence of the non-unique mapping between the force density state and
the deformation states [28], i.e., there are infinite numbers of deformation states that
could result in the same force density state. Under a given external loading, therefore, the existence of infinite numbers of deformation states leads to oscillations in
the deformation field. Therefore, effective zero-energy control scheme is needed before
the unique advantages of applying the material correspondence formulation to study
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failure of general nonlinear inelastic material could be explored using peridynamics
theory.
Among many remedies for zero-energy modes control in the literature, the bondassociated formulation seems to be very beneficial [28, 29]. In the bond-associated
formulation, the deformation gradient is constructed based on a subset rather than
the whole horizon of a material point, which is called bond-associated deformation
gradient. Force density state of each individual bond is then formulated based on
its own unique bond-associated deformation gradient, which is different from that in
the conventional formulation whose force density states of all bonds within the same
horizon are calculated using the same deformation gradient at a material point. The
subset for construction of bond-associated states is determined as the intersection of a
material point horizon and the bond-associated horizon of the bond whose associated
states are of interest. Compared to the conventional formulation, this bond-associated
formulation allows for a more accurate representation of the deformation gradient and
the force density state of each individual bond [29]. The effectiveness of the bondassociated material correspondence model in removing the material instability has
been established using numerical deformation analysis [28, 29]. It has been shown
that the bond-associated formulation does not introduce additional stabilization parameter(s) whose value needs to be calibrated based on the material property, while
being able to inherently remove the material instability in the conventional correspondence formulation. More details about the bond-associated formulation will be
reviewed in the following section.
In addition to deformation analysis, the study of wave dispersion is an alternative
means to investigate the instabilities of a numerical model [31]. Wave in peridynamic medium are in general dispersive due to the finite size of a material point
and the nonlocal interaction among material points [18]. Wave dispersion analysis
has been applied to peridynamics to calibrate model parameter(s) and the horizon
size, and to check the existence of the material instability. As have been pointed
out by Bobaru and Hu [32], wave dispersion study in peridynamics could be used
to determined the appropriate value of horizon, which could provide a physics-based
interpretation of the horizon size selection. Weckner and Silling [33] used the phonon
dispersion relations to determine the constitutive equations for peridynamic analysis. Mikata [34] studied the effect of micromodulus on the dispersive behavior of a
one-dimensional infinite rod using bond-based peridynamic model. Silling [35] formulated a nonlinear bond-based model to study the solitary wave in peridynamic
elastic solid. Bažant el al. [36] compared the wave dispersion and basic concepts of
peridynamics with classical nonlocal damage models. Butt et al. [22] derived and
studied the dispersion relations in the state-based peridynamic model for linear solid,
in which the effects of the horizon size, the mesh size and the weight function on
the wave dispersion properties were investigated. The authors also proposed to associate the peridynamic nonlocality with a characteristic length scale related to the
material microstructrue. Dayal [37] compared the peridynamic dispersion approximated by strain-gradient expansions using Taylor series with peridynamic elastic
energy approximated by strain-gradient models for linear one-dimensional setting.
Dayal found that the dynamic and energetic expansions of peridynamics differ from
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each other and neither of them capture an important feature that frequency of short
waves is bounded and non-zero in atomic-scale dynamics. Nicely et al. [23] derived
the dispersion relations for both the conventional and the penalty-forced stabilized
versions of the material correspondence models, based on which a class of nonlocal
matching boundary conditions was developed for multiscale modeling using peridynamics. Mutnuri and Gopalakrishnan [38] reexamined the wave dispersion in the
bond-based peridynamic model by looking at different forms of the micromodulus in
a one-dimensional setting. Behzadinasab et al. [39] studied the wave dispersion of
a unified correspondence formulation based on deformation gradients of higher-order
accuracy that constructed using the reproducing kernel and generalized moving least
square approximations [40].
Although numerical deformation studies have demonstrated with strong evidence
that the bond-associated model is effective in inherently removing the material instability for practical applications [28, 29], a systematic parametric study on the effects
of the material point horizon size, the bond-associated horizon size and the weight
function on stabilizing the correspondence formulation is needed. In this work, we
study these effects by looking at the resulted wave dispersion in both regular and
irregular discretizations. The remainder of this paper is organized as follows. Section
2.3 briefly reviews the formulations of the conventional and the bond-associated correspondence models. Section 2.4 derives the analytical expression of the wave dispersion
relation in the bond-associated model for one-dimensional linear solid. General procedure on formulating the relation for higher-dimensional problems is also presented.
Section 2.5 presents the numerical results of parametric study on the effects of the
material point horizon size, the bond-associated horizon size and the weight function
on the wave dispersion relations for all three dimensional problems. Conclusion and
future work are made in Section 2.6.
2.3

Review of Peridynamic Material Correspondence Formulation

The equations of motion for a material point x at time t in the non-ordinary statebased peridynamic models are expressed using integro-differential equations as

ρü x, t =

Z
Hx

 



T x, t ⟨ξ⟩ − T x′ , t ⟨−ξ⟩ dVx′ + b x, t .

(2.1)

In the above Equation (2.1), ρ is the mass density, u is the displacements vector,

ξ = x′ − x is the bond connecting material point x with its neighbor x′ , T x, t ⟨ξ⟩
and T x′ , t ⟨−ξ⟩ are the force density states at material points x and x′ operating
respectively on bond ξ and bond −ξ, and b is the body force density. The integral
domain Hx is the family of material point x, which includes all material points that
locate within a finite distance δ from material point x, i.e., Hx = {x′ : |x′ − x|≤ δ}.
Some other state variables are defined as follows [20]: The relative position vector
state in a reference configuration X := x′ − x. Therefore, X = ξ. The deformation
state y := y′ − y, with y′ and y are the positions of material points x′ and x in a
deformed configuration, respectively, i.e., y′ = x′ + u′ and y = x + u. Therefore,
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y = X + u, with u = u′ − u being the relative displacement vector state. Please refer
to Figure 2.1 for illustration of these state variables.
The material correspondence model formulates the force density state in terms
of deformation state y by assuming energy equivalency between a peridynamic material point and its counterpart in classical continuum mechanics theory. Material
constitutive models from the classical continuum mechanics theory are adopted in
the correspondence formulation to connect a nonlocal deformation gradient tensor
with the first Piola-Kirchhoff stress tensor. Details about the formulation of such a
nonlocal deformation gradient and its connection to the force density state are presented in the following subsections for both the conventional and the bond-associated
correspondence formulations.

Figure 2.1: The peridynamic material point, family and states.

2.3.1

Conventional Material Correspondence Formulation

In the conventional material correspondence model, the force density state is related
to the first Piola-Kirchhoff stress tensor P from the classical continuum mechanics
theory as [20]
 
T x, t ⟨ξ⟩ = ω ⟨|ξ|⟩ P K−1 ξ,

(2.2)

where ω ⟨|ξ|⟩ is the weight function and K is the shape tensor. For convenience, we
simply denote the weight function as ω in the following context. When confusion
might arise, the explicit form will be used.
The derivation of the above relationship in (2.2) is based on the energy equivalency
and the formation of a nonlocal deformation gradient tensor. In the conventional material correspondence model, the deformation gradient F is formulated as a optimum
based on all the deformation states within the family of a material point Hx (see Figure 2.1). In the limit of finite bond length, the deformation gradient can be derived
[30], which can be written as

9

F :=

∂y
= L K−1 ,
∂X

with two-point tensor L is defined as
Z
L :=

(2.3)

ω y ⊗ X dVx′ ,

(2.4)

ω X ⊗ X dVx′ .

(2.5)

where ⊗ indicates the dyadic product.
Defining a two-point tensor H as
Z
H :=
ω u ⊗ X dVx′ ,

(2.6)

Hx

and shape tensor K is defined as
Z
K :=
Hx

Hx

the displacement gradient tensor can be obtained as
D = H K−1 .

(2.7)

For the case of infinitesimal strain theory, the strain tensor can be calculated from
the deformation gradient tensor as

ε=


1
F + FT − I,
2

(2.8)

or from the displacement gradient tensor as
ε=


1
D + DT ,
2

(2.9)

The first Piola-Kirchhoff stress tensor connects to the infinitesimal strain tensor
by the generalized Hooke’s law as
P = Cε.

(2.10)

where C is the material stiffness tensor. Therefore, the relationship between the
force density state T and the deformation state y is established by using the material constitutive model, in this case the Hooke’s law, from the classical continuum
mechanics theory. Although the above material correspondence is demonstrated for
the case of simple Linear Elasticity, the peridynamic correspondence formulation enables a direct incorporation of general material constitutive models from the classical
continuum mechanics theory in peridynamic modeling and simulation.
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2.3.2

Bond-Associated Material Correspondence Formulation

Different from the conventional material correspondence formulation, the bond-associated
formulation uses a subset of the horizon for the construction of the deformation
gradient tensor. This subset is the intersection of a material point horizon and
the bond-associated horizon of the bond whose associated states are of interest.
A schematic illustration of the bond-associated subset of the horizon is shown in
Figure 2.2. The subset for the deformation gradient of bond ξ is the intersection between the horizon Hx of material point x and the bond-associated horizon
hx′ = {x′′ : |x′′ −x′ |≤ δh and x′′ ∈ Hx } of neighbor x′ , where δh is the bond-associated
horizon size. When δh ≥ 2δ, hx′ ∩ Hx = Hx , i.e., the conventional formulation is
recovered from the bond-associated formulation [29].

Figure 2.2: The peridynamic bond-associated configuration (green and blue regions
indicate material point horizons while red regions indicate bond-associated horizons).
Therefore, the constructed deformation gradient tensor based on this subset and
the resulted force density state become bond specific in the bond-associated formulation. The force density state in the bond-associated material correspondence
formulation has the following form [29]
R



T x, t ⟨ξ⟩ =

Hx ∩hx′

R

1dVx′′

1dV
Hx

x′′

ω Pξ K−1
ξ ξ.

(2.11)

It should be noted that the force density state in the above Equation (2.11) was
derived assuming a bond-associated deformation gradient only contributes to the
force density state of the bond itself, and the volume ratio factor is used to account
for the average contribution from the bond-associated deformation gradients of all
neighboring bonds.
The bond-associated deformation gradient is constructed based on the subset
Hx ∩ hx′ as
Fξ = Lξ K−1
ξ ,
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(2.12)

where the two-point tensors Lξ and Hξ , and the shape tensor Kξ are calculated based
on the subset as
Z
Lξ =

Hx ∩hx′

Z
Hξ =

Hx ∩hx′

ω ⟨ξ ′ ⟩ y′ ⊗ X′ dVx′′

(2.13)

ω ⟨ξ ′ ⟩ u′ ⊗ X′ dVx′′

(2.14)

ω ⟨ξ ′ ⟩ X′ ⊗ X′ dVx′′ ,

(2.15)

and
Z
Kξ =

Hx ∩hx′

where ξ ′ = X′ := x′′ − x, y′ := y′′ − y, and u′ := u′′ − u.
The constitutive correspondence with the classical continuum mechanics theory
in bond-associated formulation is established in the same way as in the conventional
formulation but using the bond-associated states.
2.4

Wave Dispersion of Peridynamic Bond-Associated Material Correspondence Model

With the formulation reviewed in previous section, this section focus on the derivation
of the wave dispersion in the bond-associated correspondence model. We first outline
the derivation of wave dispersion in the one-dimensional linear elasticity, which will
serve as the reference solution in the numerical study. Following the same procedure,
we then formulate the wave dispersion in the peridynamic bond-associated material
correspondence model.
2.4.1

Wave Dispersion in Linear Elasticity

Assume that in the absence of body force, the one dimensional wave equation of a
stress pulse in the linear elasticity can be expressed as

ρ

∂ 2 u(x, t)
∂ 2 u(x, t)
=
E
,
∂t2
∂x2

(2.16)

Since we focus on linear elastic solid, it suffices to analyze one harmonic wave
component of the following form [41]
u (x, t) = u0 ei(kx−ωt) ,

(2.17)

in which u0 is the amplitude, k is the wavenumber, ω is the wave angular frequency,
and i is the imaginary unit.
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Plugging the Equation (2.17) into Equation (2.16), the following wave dispersion
relation can be obtained for one-dimensional linear elastic solid as
k=

ω
,
c

(2.18)

p
where the constant c = E/ρ is the wave propagation speed in an one-dimensional
elastic continuous solid. It is clear that the wavenumber is linearly proportional to
the wave frequency in linear elasticity. Consequently, the wave propagation in a linear
elastic solid does not exhibit any dispersion as predicted by the linear elasticity.
2.4.2

Wave Dispersion in Peridynamic Bond-Associated Material Correspondence Model

Due to the formulation nonlocality of the correspondence model, the derivations of
wave dispersion for higher dimensions are very cumbersome and involve very complex
expressions. To show the derivation process, a detailed flowchart was presented first.
The flowchart is then demonstrated using analytical expressions for the case of simple
one-dimensional analysis.
Flowchart of The Derivation Process in Bond-associated Formulation
The derivation process for the wave dispersion relation of a general three-dimensional
analysis using the bond-associated formulation is shown in Figure 2.3. The twopoint tensor H is used and split into three tensors, each of whom depends on only
one of the three displacements. Three corresponding force density states are then
obtained. This splitting process enables the direct identification of the coefficient
matrix M, since each the three force density states depends on only one of the three
displacements as a result of the splitting of the two-point tensor H. The determinant
of M is then set to zero to obtain the wave dispersion relations.

Figure 2.3: The flowchart of deriving the wave dispersion relation in the bondassociated formulation for a three-dimensional analysis.
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As can be seen in Figure 2.3, for the convenience of the final solution of the angular
frequency ω in terms of the wavenumber k, the two-point tensor Lξ is split into three
tensors with each relates to only one displacement component, i.e.,

Hξ = Hξu + Hξv + Hξw

 ′     
u   0   0 
=
ω  0 + v ′ + 0  ⊗ X′ Vx′′ , (2.19)
     ′
x′′ ∈Hx ∩hx′
0
0
w
X

where
 ′
u 
′
u = v ′ = u′′ − u
 ′
w
 i(x′′ kcosα+y′′ ksinα+z′′ ksinα−ωt)   i(xkcosα+yksinα+zksinα−ωt) 
 u0 e
  u0 e

′′ kcosα+y ′′ ksinα+z ′′ ksinα−ωt)
i(x
i(xkcosα+yksinα+zksinα−ωt)
− ve
= v0 e
,
  0 i(xkcosα+yksinα+zksinα−ωt) 

i(x′′ kcosα+y ′′ ksinα+z ′′ ksinα−ωt)
w0 e
w0 e

(2.20)

with α being the angle of incidence, and a harmonic wave form of u (x, t) = u0 ei(kx−ωt)
has been used.
Based on the three tensors given in Equation (2.19), three corresponding force
density states Tu , Tv and Tw can be obtained following the linear calculations outlined in the flowchart (the dashed region). It should be noted that each of these three
force density states depends on only one component of the three displacements. The
final force density state of a bond ξ from material point x is the sum of these three
force density states as
   


T u1  T v1  T w1 
T [x, t] ⟨ξ⟩ = T u2 + T v2 + T w2 .
   


T u3
T v3
T w3

(2.21)

The above calculations are repeated to calculate the force density state T [x′ , t] ⟨−ξ⟩
of bond −ξ from material point x′ . With both force density states being calculated,
the peridynamic equations of motion in discrete form can be finally obtained after
taking the temporal derivatives on the wave form as
  ′

T u1 + T v1 + T w1
T u1 + T ′v1 + T ′w1
T u2 + T v2 + T w2  − T ′u2 + T ′v2 + T ′w2  Vx′
x′ ∈Hx
T u3 + T v3 + T w3
T ′u3 + T ′v3 + T ′w3
 i(xkcosα+yksinα+zksinα−ωt) 
 u0 e

2
− ρω
v0 ei(xkcosα+yksinα+zksinα−ωt) = 0,


w0 ei(xkcosα+yksinα+zksinα−ωt)


X

where T′ = T [x′ , t] ⟨−ξ⟩.
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(2.22)

The above Equation (2.22) can be expressed in matrix form as
 
 u0 
[M] v0 = 0,
 
w0

(2.23)

where
 T
M=

X 


x′ ∈Hx

u1
u0
T u2
u0
T u3
u0

T v1
v0
T v2
v0
T v3
v0



T w1
w0
T w2 
w0 
T w3
w0

T′

−

u1
u0
T ′u2
u0
T ′u3
u0

T ′v1
v0
T ′v2
v0
T ′v3
v0

T ′w1
w0
T ′w2 
V ′
w0  x
T ′w3
w0



− ρω 2 ei(xkcosα+yksinα+zksinα−ωt) I.

(2.24)

For the above homogeneous equations system to have non-trivial solutions for u0 ,
v0 and w0 , the determinant of coefficient matrix M must be zero. Therefore, the
wave angular frequency ω can be found in terms of the wavenumber k after solving
the equation |M| = 0.
Analytical Dispersion Relation in One-dimensional Bond-Associated Model
Following the flowchart, we demonstrate the derivation of the analytical wave dispersion relation for the one-dimensional bond-associated correspondence model. Considering the one-dimensional material domain as a collection of discrete material points
along a line, the discrete form of the shape tensor at material point x for bond ξ can
be written as
X

Kξ =

x′′ ∈H

2

ω ⟨ξ ′ ⟩ (x′′ − x) Vx′′ .

(2.25)

x ∩hx′

The two-point tensor Lξ for one-dimensional case is
X

Lξ =

x′′ ∈H

ω ⟨ξ ′ ⟩ (x′′ + u′′ − x − u) · (x′′ − x) Vx′′ .

(2.26)

x ∩hx′

Substituting Equation (2.25) and Equation (2.26) into Equation (2.12), the bondassociated deformation gradient is then found as
ω ⟨ξ ′ ⟩ (x′′ + u′′ − x − u) · (x′′ − x) Vx′′

P
Fξ =

x′′ ∈Hx ∩hx′

P

x′′ ∈Hx ∩hx′

ω ⟨ξ ′ ⟩ (x′′ − x)2 Vx′′

.

(2.27)

With the deformation gradient, the infinitesimal strain tensor can be determined
as
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P
εξ = F ξ − 1 =

ω ⟨ξ ′ ⟩ (u′′ − u) · (x′′ − x) Vx′′

x′′ ∈Hx ∩hx′

P

x′′ ∈Hx ∩hx′

ω ⟨ξ ′ ⟩ (x′′ − x)2 Vx′′

.

(2.28)

.

(2.29)

By the Hooke’s law, the stress tensor is evaluated as
P
Pξ = Eεξ =

x′′ ∈Hx ∩hx′

P

ω ⟨ξ ′ ⟩ E (u′′ − u) · (x′′ − x) Vx′′

x′′ ∈Hx ∩hx′

ω ⟨ξ ′ ⟩ (x′′ − x)2 Vx′′

Substituting Equation (2.29) into Equation (2.11), the bond-associated force density state is found as
P

x′′ ∈H ∩h Vx′′
P x x′
· ω ⟨ξ⟩ Pξ Kξ−1 ξ
′′
V
′′
x
P
P x ∈Hx
′
′′
′′
′′
V
′′
x
x′′ ∈Hx ∩hx′ ω ⟨ξ ⟩ E (u − u) · (x − x) Vx′′
x ∈H ∩h ′
· ω ⟨ξ⟩ ·
= P x x
· (x′ − x) .
P
2
′′
V
2
′
′′
x′′ ∈Hx x
x′′ ∈Hx ∩hx′ ω ⟨ξ ⟩ (x − x) Vx′′

T =

(2.30)
In the absence of the body force, the discretized form of the peridynamic equation
of motion can be rewritten after plugging in Equation (2.30) as


P
P
′
′′
′′
X  x′′ ∈Hx ∩h ′ Vx′′
x′′ ∈Hx ∩hx′ ω ⟨ξ ⟩ E (u − u) · (x − x) Vx′′
x
· ω ⟨ξ⟩ ·
· (x′ − x)
ρü =
 P
P
2
′′
V
2
′′
x
′
′′
x ∈Hx
x′ ∈Hx
x′′ ∈Hx ∩hx′ ω ⟨ξ ⟩ (x − x) Vx′′

P
P
′
′′
′
′′
′
x′′ ∈H ′ ∩h Vx′′
x′′ ∈Hx′ ∩hx ω ⟨ξ ⟩ E (u − u ) · (x − x ) Vx′′

· ω ⟨−ξ⟩ ·
· (x − x′ ) .
− P x x
P
2
′′
′
′′
′ 2
x′′ ∈Hx′ Vx
x′′ ∈Hx′ ∩hx ω ⟨ξ ⟩ (x − x ) Vx′′
(2.31)
Plugging the wave form in Equation (2.17) into the above Equation (2.30), the
final expression for wave dispersion relation of one-dimensional peridynamic bondassociated correspondence model is



− 1 · (x′′ − x) Vx′′
x′′ ∈Hx ∩hx′ ω ⟨ξ ⟩ E e
1 X  x′′ ∈Hx ∩hx′ Vx′′
2
ω =
· ω ⟨ξ⟩ ·
· (x′ − x)
 P
P
2
′′
ρ x′ ∈H
V
2
′′
x
′
′′
x ∈Hx
x
x′′ ∈Hx ∩hx′ ω ⟨ξ ⟩ (x − x) Vx′′



P
P
′
ik(x′′ −x)
ik(x′ −x)
′′
′
′′
e
·
(x
−
x
)
V
ω
⟨ξ
⟩
E
−
e
x
x′′ ∈Hx′ ∩hx
x′′ ∈H ′ ∩h Vx′′

− P x x
· ω ⟨−ξ⟩ ·
· (x − x′ ) .
P
2
′′
′
′′
′ 2
x′′ ∈Hx′ Vx
x′′ ∈Hx′ ∩hx ω ⟨ξ ⟩ (x − x ) Vx′′
P

P

′



ik(x′′ −x)

(2.32)
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2.5

Numerical Results

This section presents the numerical results obtained using the flowchart outlined in
Section 2.4 for all three dimensional cases. The effects of different parameters on the
wave dispersion relation were investigated. Specifically, we study the effects of the
material point horizon size, the bond-associated horizon size and the weight function.
The wave dispersion in irregular mesh is also studied for the case of two-dimensional
bond-associated model. The wave dispersion predicted by Linear Elasticity serves as
a reference solution. The following definitions are used throughout this section:
The material point horizon size is given in terms of the mesh spacing ∆x as
δ = m · ∆x.

(2.33)

Similarly, the bond-associated horizon size can be specified as
δh = m′ · ∆x.

(2.34)

For irregular discretization, ∆x is taken as the average mesh spacing.
To study the effect of material point horizon size, three different values of m =
2, 3, 4 are selected. Different bond-associated horizon sizes m′ are then determined
based on these three horizon sizes, and the combinations of these two horizons are
studied. It is worth noting that the bond-associated model recovers the conventional
model [28, 29] when the bond-associated horizon size m′ is at least two times of
the material point horizon size m, i.e., m′ ≥ 2m. In this study, the curves of the
conventional model are the curves of m′ = 2m.
To study the effect of the weight function, the following three representative types
are selected following the work by Butt et al. [22]:
 p N
δ
, ω 3 = π −N/2 ·
·e
ω 1 = 1, ω 2 =
|ξ|
δ



2
− p2 |ξ|2
δ

,

(2.35)

where N is the dimension number (N = 1, 2, 3), and p = 1 in this study. The first
weight function ω 1 assumes equal contributions from all the material points in the
family. This is the default weight function in this study. The second weight function
ω 2 assumes a reciprocal relationship between the contribution and the distance a
neighboring material point to the reference material point. The weight function ω 3
was proposed by Eringen and used in his work of nonlocal continuum field theories
to consider the contribution in a given length scale [42].
For all results presented in this section, we are only interested in the real solution of the angular frequency from Equation (2.23), since only the real angular
frequencies can be potentially used to tune the peridynamic model parameters [22],
such as horizon size [32], and give insights about the stability of the bond-associated
correspondence model. The y- axis is for the normalized value of the wave angular
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frequency with respect to the theoretical wave propagation speed predicted
by the
p
Linear Elasticity. This theoretical
wave propagation speed is c = E/ρ for onep
dimensional analysis and c = E (1 − ν) / [ρ (1 + ν) (1 − 2ν)] for multi-dimensional
analysis. The x- axis is for the normalized wavenumber by 2π/∆x, and the range
of the x- axis is fixed to be [0, 1] in all the plots. The straight solid lines in all the
plots are the prediction by the Linear Elasticity. The material properties are: mass
density ρ = 1, Young’s modulus E = 1, and Poisson’s ratio ν = 0.25. The angle of
incidence is chosen to be α = 0. All the quantities used or reported in this section
are dimensionless.
2.5.1

One-dimensional Cases

The analytical solutions of the angular frequencies for one-dimensional bond-associated
correspondence model are shown in Equation (2.32). The corresponding results based
on regular mesh with mesh spacing ∆x = 1 are presented in Figure 2.4. The results
for different horizon sizes, different bond-associated horizon size, and different combinations of them are shown in Figures 2.4(a)-2.4(e). The results for different weight
function for different horizon sizes are shown in Figures 2.4(b)-2.4(f).
For the case when m = 2 (Figure 2.4(a)), it can be seen that all the three wave
dispersion curves intersect with the wavenumber axis at locations between k∆x/2π =
0 and k∆x/2π = 1. The intersection at k∆x/2π = 1 is due to the periodicity of wave
dispersion relation in peridynamics using regular mesh. These intersections indicate
zero angular frequencies for nonzero wavenumbers, which is a manifestation of the
existence of zero-energy modes. The number of intersections is one for both cases of
the bond-associated model, while it is three for the conventional model (m′ = 4). It
can be concluded that for the case of material point horizon size m = 2, there still
exists material instability in the bond-associated model independent of the bondassociated horizon size. For the case of m = 3 (Figure 2.4(c)), it can be seen that for
the cases of m′ = 3, 4 there is no intersection of the wave dispersion curves with the
wavenumber axis, which is an indication of no zero-energy modes for those two cases.
However, for the case of m′ = 5, there exists imaginary angular frequencies for certain
values of the wavenumber, which are shown as the two flat regions of the curve on the
wavenumber axis in Figure 2.4(c). For the case of conventional model, i.e., m′ = 6
for this case, there are total five intersections within one period. Similar observations
can be made for the case of m = 4 (Figure 2.4(e)). Both curves of m′ = 3, 4 do
not intersect with the wavenumber axis. The curve of m′ = 6 intersects with the
wavenumber axis for nonzero wavenumbers, and imaginary angular frequencies exist
for the case of m′ = 7. There are total of seven intersections within one period for
the conventional model, i.e., m′ = 8, for this case.
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(a) m = 2

(b) m = 2

(c) m = 3

(d) m = 3

(e) m = 4

(f) m = 4

Figure 2.4: Wave dispersion in the one-dimensional conventional and bond-associated
correspondence models based on regular mesh (flat regions indicate imaginary angular
frequencies; red curve with circular marker indicates the conventional model).
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Another observation can be made from Figures 2.4(a)-2.4(e) is that the slopes of all
wave dispersion curves for the one-dimensional bond-associated model, except those of
the conventional model, are slightly larger than that predicted by the Linear Elasticity
for smaller values of the wavenumber. A possible source of this abnormal observation
is the assumption made in the bond-associated model that the utilization of a volume
ratio factor in the calculation of the force density state for a bond ξ (Equation (2.11))
is equivalent to the cumulative contributions from all bond-associated deformation
gradients that involve the bond ξ. For one-dimensional cases, this might not be a
good assumption.
Several general trends can also be observed from Figures 2.4(a)-2.4(e). For both
the bond-associated model and the conventional model, with the increase of horizon
size from m = 2 to m = 4, the angular frequency generally decreases, i.e., the phase
velocity generally reduces with the increase of the horizon size. For the conventional
model, the increase of horizon size makes the material instability become more severe,
as the intersections of the wave dispersion curve with the wavenumber axis increase
with the increase of the horizon size. For a fixed horizon size, the increase of the
bond-associated horizon size makes the model become less stable, since the effect
of deformation smoothing-out within the construction of the deformation gradient
tensor becomes more severe for a larger bond-associated horizon. For the case of
m′ = 2m, the conventional model is recovered, and it has the worst stability among
all the possible combinations of the two horizon sizes.
As for the effect of the weight functions, it can be seen from Figures 2.4(b)-2.4(f)
that the three selected weight functions affect the wave dispersion curves to certain degrees. For both the bond-associated model and the conventional model, it
is generally observed that the values of the angular frequency for a fixed wavenumber are different for different weigh functions and the locations of the intersections
are different. For the conventional model, changing weight function will not change
the number of intersections but only the location of the intersections. However, for
the bond-associated model, changing weight function will alter the wave dispersion
curves significantly, such as the first and the third weight functions yield no intersection for m = 3 & m′ = 4 and m = 4 & m′ = 6 while the second weight function
produces imaginary angular frequencies for certain wavenumbers (see Figures 2.4(d)
and 2.4(f)). From these observations, it is found that weight function plays more
important roles in the bond-associated model than in the conventional model for
one-dimensional wave dispersion analysis. In terms of addressing the issues of material instability in the conventional model, the weight function does not make any
significant difference.
2.5.2

Two-dimensional Cases

For two-dimensional wave dispersion analysis, according to Equation (2.22), the determinant of the coefficient matrix M is a fourth order polynomial with only even
order terms √of ω, i.e., |M| = aω 4 + bω 2 + c = 0. Here, we plot the positive root
2
of ω 2 = −b− 2ab −4ac for both regular and irregular meshes. For the case of regular
mesh, the mesh spacing is ∆x = 1. For the case of irregular mesh shown in Figure
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2.5, we study the wave dispersion at the center material point x. All the neighboring
material points needed for the material point x are shown in Figure 2.5. The average
mesh spacing is ∆x = 0.8775. Plane stress conditions are assumed in all the cases in
this subsection.

Figure 2.5: Two-dimensional irregular mesh of a square domain, with different combinations of horizon and bond-associated horizon for the case of horizon being four
times of average mesh spacing.
The results for the case of regular mesh are shown in Figure 2.6. It can be seen that
the two-dimensional realization of the bond-associated formulation performs better
than the one-dimensional model in terms of the wave dispersion property. Firstly,
for the case when m = 2 (Figure 2.6(a)), there is no zero-energy modes issue when
m′ = 2, which is different from that of the one-dimensional model (Figure 2.4(a)).
But the case of m′ = 3 still has the same issue as the one-dimensional model. For
the cases when m = 3 (Figure 2.6(c)) and m = 4 (Figure 2.6(e)), there is no zeroenergy modes issue for all sizes of bond-associated horizon, except the conventional
model. Secondly, all the solutions of the wave angular frequency are real numbers
for all wavenumber. There is no flat region, which indicates imaginary wave angular
frequencies, for any curves in the two-dimensional wave dispersion relations. Thirdly,
the initial slopes of all the curves are strictly less than that predicted by the Linear
Elasticity. As for the effect of the weight function, it has less significant effect on the
wave dispersion in the two-dimensional bond-associated model (Figures 2.6(b)-2.6(f))
than in the one-dimensional model (Figures 2.4(b)-2.4(f)). Only small differences are
observed in the wave dispersion curves for different weight functions. This observation
for the conventional model is consistent between the one-dimensional and the twodimensional wave dispersion analyses.
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(a) m = 2

(b) m = 2

(c) m = 3

(d) m = 3

(e) m = 4

(f) m = 4

Figure 2.6: Wave dispersion in the two-dimensional conventional and bond-associated
correspondence models based on regular mesh (red curve with circular marker indicates the conventional model).
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(a) m = 2

(b) m = 2

(c) m = 3

(d) m = 3

(e) m = 4

(f) m = 4

Figure 2.7: Wave dispersion in the two-dimensional conventional and bond-associated
correspondence models based on irregular mesh (red curve with circular marker indicates the conventional model).
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Figure 2.7 presents the wave dispersion relations in the two-dimensional bondassociated model for the case of irregular mesh shown in Figure 2.5. Since the mesh
is irregular, there is no periodicity in the wave dispersion relations shown in Figure 2.7.
However, the x-axis is still normalized with average mesh spacing and plotted from
0 to 1 in all the plots using irregular mesh. In general, the wave angular frequency
solution using irregular mesh in peridynamics is complex numbers. Therefore, the
wave dispersion relations in irregular mesh cannot yield meaningful insights in terms
of checking the existence of zero-energy modes in the peridynamics theory. Nonetheless, we still report the real wave angular frequency solutions and make comparison
between the bond-associated model and the conventional model.
It can be seen from Figure 2.7 that the bond-associated model generally predicts
larger phase velocity than the conventional model, as the angular frequency for a
fixed wavenumber is larger in the bond-associated model than in the conventional
model. The weight function effect study for irregular mesh shown in Figure 2.7(b) is
consistent with the observation from the regular mesh.
To conclude for this two-dimensional analysis, there is no material instability in
the two-dimensional bond-associated correspondence model when the horizon size is
selected as at least three times of the mesh spacing, as supported by zero intersection
in the wave dispersion curves shown in Figures 2.6(c)-2.6(e), 2.6(d)-2.6(f).
2.5.3

Three-dimensional Cases

For three-dimensional wave dispersion analysis, according to Equation (2.22), the
determinant of the coefficient matrix M is a sixth order polynomial with only even
order terms of ω, i.e., |M| = aω 6 +bω 4 +cω 2 +d = 0. We
plot the positive root of ω 2 =
p
A
b2 −3ac
b
− 3a − 3a − 3aA based on regular mesh, where A = 3 1/2 (B + 2b3 − 9abc + 27a2 d)
q
and B = (2b3 − 9abc + 27a2 d)2 − 4 (b2 − 3ac)3 . The results are shown in Figure
2.8. The mesh spacing used in this case is ∆x = 1.
Compared to the two-dimensional analysis, similar wave dispersion relations can
be observed in the three-dimensional analysis. The slopes of the wave dispersion
curves for small wave numbers are strictly less than that predicted by the Linear Elasticity. Wave angular frequency solutions for regular mesh are all real numbers. Also,
with the increase of the horizon size, the phase velocity in both the bond-associated
model and the conventional model decreases, and the material instability becomes
more severe as the number of intersections of the wave dispersion curves have with the
wavenumber axes increases. It is also found that different weight functions will give
slightly different wave dispersion curves, but the weight function cannot eliminate
the number of intersections of the wave dispersion curves with the wavenumber axes.
Different from both the one-dimensional and the two-dimensional analyses for the
case of material point horizon m = 2, the wave dispersion curves for all values of the
bond-associated horizon sizes m′ do not intersect with the wavenumber axis. Therefore, it can be concluded that the material instability has been completely eliminated
in the bond-associated model for three-dimensional case.
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(a) m = 2

(b) m = 2

(c) m = 3

(d) m = 3

(e) m = 4

(f) m = 4

Figure 2.8: Wave dispersion in the three-dimensional conventional and bondassociated correspondence models based on regular mesh (red curve with circular
marker indicates the conventional model).
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2.6

Discussion and Conclusion

The bond-associated formulation was recently proposed to inherently remove material
instability in the conventional peridynamic material correspondence formulation by
constructing deformation gradient using a bond-associated subset of a material point
horizon rather than the whole horizon. To establish its validity and effectiveness in
removing material instability, the bond-associated formulation is further studied in
terms of the wave dispersion relations in this work. Specifically, the effects of the
material point horizon size, the bond-associated horizon size and the weight function
on wave dispersion in the bond-associated formulation are all studied. For the twodimensional case, the wave dispersion in irregular mesh is also studied. Based on
the numerical results, It is concluded that the bond-associated model is valid and
effective in removing material instability for multi-dimensional practical applications
that the material point horizon size is selected as at lease three times of the mesh
spacing.
However, the effectiveness of the bond-associated formulation in removing zeroenergy modes is found to be limited for the case of one-dimensional problems. Specifically, the material instability persists for all possible bond-associated horizon size
when the material point horizon is chosen as δ = 2∆x, which can be seen from the
intersections of the wave dispersion curves with the wavenumber axis. For larger
material point horizon sizes, such as m = 3 and m = 4, for certain bond-associated
horizon sizes, such as m′ = 5 and m′ = 7 respectively, there exists unexpected imaginary wave frequency solutions for certain wavenumbers. The performance of the
bond-associated model is even worse than the conventional model, as the angular
frequencies in the conventional model are all real numbers. Another significant observation of the one-dimensional bond-associated model is that for all combinations
of the two horizons, except the case when the conventional model is recovered, the
starting slopes of all the wave dispersion curves are larger than that predicted by the
Linear Elasticity. A possible source of all these abnormal observations in the onedimensional bond-associated model is the assumption made in the bond-associated
formulation. It was assumed that the utilization of a volume ratio factor in the force
density state (Equation (2.11)) is equivalent to the accumulative contributions from
all bond-associated deformation gradients that include the bond whose force density
state is calculated. Further detailed study is needed to fully examine this assumption.
Future work also includes applying the bond-associated formulation to model
nonlinear inelastic material behavior to study its effectiveness in mitigating the deformation smoothing-out effect in the construction of the deformation gradient tensor
for non-smooth deformations.

Copyright© WaiLam Chan, 2022.
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Chapter 3 Formulation and Numerical Study of Form II Peridynamic
Bond-Associated Correspondence Model

3.1

Background

The peridynamic bond-associated formulation has been shown to be effective in stabilizing the conventional correspondence model for both two-dimensional and threedimensional, static and dynamic problems. However, recent study revealed the persistence of material instability in the bond-associated formulation for one-dimensional
problems for majority combinations of the bond associated horizon size and material
point horizon size and two-dimensional problems when both the bond-associated horizon size and the material point horizon size are twice of mesh spacing. In addition, it
was found that the bond-associated formulation has instability in dynamic problems
when the bond-associated horizon size is close to the material point horizon size.
In this chapter, a reformulation of the bond-associated correspondence formulation is presented. Distinct from the original formulation, the proposed reformulation
derives the force density states of a bond as a volume weighted average of all bondassociated force density states whose bond-associated horizons include the material
points of the bond. Similar to the original bond-associated formulation, the proposed
reformulation recovers the conventional formulation when the bond-associated horizon size is at least twice as large as the material point horizon size. Detailed numerical
study on wave dispersion relations, static deformation and dynamic wave propagation
problems are performed to investigate and compare the two bond-associated formulations. It is found that for all these three types of problems, the proposed reformulation
significantly improves the model instability compared to the original bond-associated
formulation, especially when the bond-associated horizon size is small relative to the
material point horizon size. Based on numerical study, small bond-associated horizon
is recommended for use in the proposed reformulation.
3.2

Introduction

The peridynamic correspondence formulation offers unique benefits in modeling nonlinear inelastic materials by directly incorporating material constitutive models from
local continuum mechanics theory [20]. This is very appealing since it significantly
facilitates modeling fracture of nonlinear inelastic materials within the peridynamics framework. However, the conventional correspondence formulation suffers from
some practical difficulties, such as material instability [25] and sub-horizon collapse
and matter penetration [43]. Various stabilization techniques have been proposed
to eliminate the material instability by introducing additional force density states,
such as those based on non-uniform part of the deformation state [25], bond-stretch
informed strain tensor [43] and corrected bond deformation [44]. A brief survey of
different stabilization techniques can be found in Ref. [29].
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Among many stabilization techniques in the literature, the bond-associated formulations [29, 28, 45, 46, 47, 48, 49, 50] use the concept of bond-associated horizon to
inherently stabilize the conventional correspondence formulation without introducing
additional material-dependent parameters. Different from the material point horizon
(denoted as H), a bond-associated horizon (denoted as h) is a horizon defined at a
material point but associated with a specific bond. For bond ξ = X′ − X where X
and X′ are the Cartesian coordinates of two material points connected by the bond,
the bond-associated horizon of bond ξ is defined at material point X′ (denoted as
hX′ ) and its size is usually different from the material point horizon at X′ (denoted as
HX′ ). Therefore, in addition to the material point horizon used in the conventional
formulation, there is a bond-associated horizon corresponds to a bond in the bondassociated formulation. For the case of bond ξ, these two horizons are material point
horizon HX and bond-associated horizon hX′ . While the conventional formulation
formulates the deformation gradient with the support of a material point horizon,
e.g., HX , for all bonds connect the material point, the bond-associated formulation
constructs deformation gradient, also called as bond-associated deformation gradient,
using a subset of a material point horizon that determined as the intersection of the
material point horizon and the bond-associated horizon for each individual bond, e.g.,
HX ∩ hX′ for bond ξ. When the bond-associated horizon is at least twice as large
as the material point horizon, the subset becomes the whole material point horizon.
Therefore, the deformation gradient constructed in the conventional formulation is
recovered from the bond-associated deformation gradient under such condition. In
addition to the change to the support of the deformation gradient construction, the
bond-associated formulation also introduces a coefficient, which is determined as the
volume ratio of the subset to the whole material point horizon, to localize the calculation of the force density state of a bond. As will be revealed in the numerical study
of this work, this has the potential to cause numerical issue in the bond-associated
formulation for small bond-associated horizon size relative to the size of material
point horizon. In general, the force density state of a bond should depends on all the
bond-associated force density states whose calculation involves the deformation state
of the bond.
The bond-associated horizon concept was originally proposed by Chen and Spencer
[29, 28]. They showed the effectiveness of the bond-associated formulation in removing material instability and its good convergence characteristic using 2D and 3D static
deformation problems. Later, Gu et al. [45] applied the bond-associated concept in
combination with the peridynamic differential operator [51] to construct deformation
gradient of higher-order accuracy in the correspondence formulation. Gu et al. numerically demonstrated the bond-associated formulation is effective in improving the
prediction accuracy and removing the oscillations in the displacement field. Madenci
et al. [46] formulated the weak form of the bond-associated formulation based on
low-order deformation gradient (comparing to the higher-order approximation by Gu
et al. [45]) constructed using peridynamic differential operator and showed that both
essential and natural boundary conditions can be imposed employing the weak form.
Roy et al. [48] applied the bond-associated formulation to study the elastic finite
deformation and rupture in polymers. Behera et al. [47, 49] applied the same bond28

associated formulation to investigate the fracture of Neo-Hookean material under
finite elastic deformation and viscoelastic material under finite deformation. Yang et
al. [52] applied the bond-associated formulation incorporating the Johnson-Holmquist
II constitutive damage model to study the severe damage of concrete under intense
impact compression. Recently, Chan and Chen [50] conducted a detailed study of
the bond-associated formulation proposed by Chen and Spencer [29] using wave dispersion analysis for all three dimensional problems. The study further confirmed the
effectiveness of the bond-associated formulation for 2D and 3D problems. However,
for 1D problems, there is still material instability for most of the combinations of the
material point horizon size and the bond-associated horizon size. In an unpublished
work by Chan and Chen, it was found that the bond-associated formulation has instability in dynamic problems when the bond-associated horizon size is close to the
size of material point horizon. This instability will be demonstrated in the numerical
study in this paper.
In this paper, we propose to reformulate the bond-associated formulation to significantly improve its stability for 1D problems and multi-dimensional problems when
bond-associated horizon size is comparable to the material point horizon size. In the
proposed reformulation, instead of using the volume ratio to localize its dependence,
the force density state depends on all bond-associated force density states whose calculation involves the deformation state of a bond. This is achieved by distributing
the energy of a material point horizon to all its subsets. The remainder of this paper
is organized as follows: Section 2 reviews the definition of bond-associated deformation gradient and the derivation of force density state in the original bond-associated
formulation. Following this, the derivation of the proposed reformulation is presented
in Section 3. Similarity and difference between the proposed reformulation and the
original formulation are discussed. In Section 4, parametric study to compare the two
bond-associated formulations are conducted using three types of problems including
wave dispersion analysis, static deformation analysis and wave propagation analysis.
Discussions and conclusions are made in Section 5.
3.3

Review of Form I Bond-Associated Correspondence Formulation

For clarity, we call the bond-associated formulation originally proposed by Chen and
Spencer [28, 29] as Form I formulation, and the proposed bond-associated reformulation in this work as Form II formulation. This section briefly reviews the Form I
formulation with focus on the bond-associated deformation gradient and force density
state.
3.3.1

Bond-Associated Deformation Gradient

In Form I formulation [28, 29], the bond-associated deformation gradient is derived
using the weighted least squares technique. However, the support for the bondassociated deformation gradient is a subset of the material point horizon instead of
the whole material point horizon used in the conventional formulation (see Figure 3.1
for the intersection of material point horizon HX and bond-associated horizon hX′
29

as HX ∩ hX′ ). With a given subset of a material point horizon, the bond-associated
deformation gradient for the corresponding bond ξ = X′ − X can be calculated using
Fξ = kξ · K−1
ξ

(3.1)

w ⟨ξ ′ ⟩ · X′ ⟨ξ ′ ⟩ ⊗ X′ ⟨ξ ′ ⟩ dVX′′

(3.2)

where
Z
Kξ =
HX ∩hX′

is the bond-associated shape tensor in the reference configuration and
Z
kξ =
w ⟨ξ ′ ⟩ · Y′ ⟨ξ ′ ⟩ ⊗ X′ ⟨ξ ′ ⟩ dVX′′

(3.3)

HX ∩hX′

is the bond-associated shape tensor in the current configuration, with w being the
weight function, ξ ′ = X′ ⟨ξ ′ ⟩ = X′′ −X being the relative position vector state between
material points X′′ and X in the reference configuration Ωr , and Y′ ⟨ξ ′ ⟩ = y′′ − y
being the relative position vector state or deformation state between material points
X′′ and X in the current configuration Ωc . y′′ and y are the current position of
material points X′′ and X, respectively. The angle bracket notation indicates the
association of states.
Denoting the radius of material point horizon HX as δ and the radius of the bondassociated horizon hX′ as δ ′ , these can be expressed in terms of the mesh spacing ∆x
as δ = m · ∆x and δ ′ = m′ · ∆x, where m and m′ are called as spacing factor and
bond-associated spacing factor, respectively. When the size of the bond-associated
horizon is at least twice as large as the size of material point horizon, i.e., δ ′ ≥ 2δ,
the conventional deformation gradient is recovered from Equations (3.1) - (3.3).

Figure 3.1: Configuration for the construction of bond-associated deformation gradient.
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3.3.2

Force Density State

Given the bond-associated deformation gradient, the bond-associated force density
state can be derived from the Fréchet derivative of the bond-associated energy density
and by assuming energy equivalency with its continuum counterpart [28]. This results
in the same form for the bond-associated force density state as the force density state
in the conventional formulation but replacing with bond-associated quantities, which
can be written as
Tξ [X, t] ⟨ξ⟩ = ∇Wξ (Y) = w ⟨ξ⟩ · Pξ · K−1
ξ ·X

(3.4)

where Wξ is the bond-associated strain energy density, Pξ is the bond-associated first
Piola-Kirchhoff stress tensor, and X = X′ − X.
The bond-associated strain energy density can be approximated from the strain
energy density of a material point using the volume ratio between the subset and the
whole material point horizon as
R
1dVX′′
H ∩h ′
· W ⟨HX ⟩ .
(3.5)
Wξ ⟨HX ∩ hX′ ⟩ = RX X
1dVX′
HX
As discussed in the Introduction, the force density state of a bond should depend on all the bond-associated force density states whose calculation involves the
deformation state of the bond. However, a localized force density state that depends
only on its own bond-associated force density state is derived in the Form I formulation [29, 28]. This has the advantages of simplifying the calculation process while
maintaining moderate prediction accuracy. More rationale on this can be found in
Refs. [29, 28]. Using the above volume ratio for the strain energy density distribution
within a material point horizon, the final force density state of bond in the Form I
formulation can be written as
R
1dVX′′
H ∩h ′
· w ⟨ξ⟩ · Pξ · K−1
(3.6)
T [X, t] ⟨ξ⟩ = RX X
ξ · X.
′
1dV
X
HX
As has been demonstrated by different researchers using various numerical examples [29, 28, 45, 46, 47, 48, 49, 50], the bond-associated formulations inherently remove the material instability in the conventional formulation and predicts the results
of both static and dynamic deformation problems to certain accuracy by choosing
appropriate bond-associated horizon size. However, as was revealed from detailed
studies by the authors [29, 28, 50], the Form I formulation has some issues with 1D
problems and multi-dimensional problems when the bond-associated horizon size is
close to the size of material point horizon. This motivates the authors to develop the
Form II formulation, in which the force density state of a bond depends on all the
bond-associated force density states whose calculation involves the deformation state
of the bond. The details of this Form II formulation is presented in the following
section.
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3.4

Form II Bond-Associated Correspondence Formulation

Let’s start with the strain energy density increment for a material point in the conventional correspondence formulation [20]. In general, the increment of strain energy
density for a material point is a function of the changes of deformation states of all
bonds in the horizon of the material point, which is written as
Z
T (Y) · ∆YdVX′ .
(3.7)
∆W (Y) =
HX

Similarly, the increment of bond-associated strain energy density for a subset of
the material point horizon can be expressed as
Z
′
∆Wξ (Y ) =
Tξ (Y′ ) · ∆Y′ dVX′′ .
(3.8)
HX ∩hX′

Therefore, the increment of strain energy density for a material point in the bondassociated formulation can be calculated as the weighted average of all the bondassociated strain energy density increments of all the subsets at the material point,
which can be written as
∆W (Y) =

NH
X

w′ ⟨HX ∩ hX′ n ⟩ · ∆Wξn (Y′ )

(3.9)

n=1

where NH is the number of material points within a material point horizon, w′ ⟨HX ∩ hX′ n ⟩
is the weight associated with each bond-associated subset, and Wξn is the bondassociated strain energy density for the bond-associated subset HX ∩ hX′ n . The
subscript n indicates the nth material point in the material point horizon.
One possible form of the weight function w′ is given in terms of the volume ratio
of the bond-associated subset to the sum of all subsets of a material point horizon,
which is written as
R
1dVX′′
w′ ⟨HX ∩ hX′ n ⟩ =

HX ∩hX′ n

!.

N
H
P

R

m=1

HX ∩hX′ m

(3.10)

1dVX′′

Based on Equations (3.7) - (3.9), the following relationship between all the force
density states within a material point horizon and all the bond-associated force density states within the same material point horizon can be established as,
!
Z
Z
NH
X
T (Y) · ∆YdVX′ =
w′ ⟨HX ∩ hX′ n ⟩ ·
Tξ (Y′ ) · ∆Y′ dVX′′ .
HX

HX ∩hX′

n=1

n

(3.11)
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For the right-hand side of Equation (3.11), it can be recast by collecting all the terms
corresponding to the same deformation state as the left-hand side as
NH
X

Z

′

HX ∩hX′

n=1

=

=

Tξ (Y′ ) · ∆Y′ dVX′′

w ⟨HX ∩ hX′ n ⟩ ·
n

NH
X
n=1
NH
X
n=1

Z
=
HX

′

w ⟨HX ∩ hX′ n ⟩ ·

Nh
X

!
′

Tξm (Y ) ·

∆Y′m

· ∆VX′′ m

m=1
Nb
X

!
w′ ⟨HX ∩ hX′ m ⟩ · Tξm (Y′ )

m=1
Nb
X

· ∆Yn · ∆VX′ n
!

w′ ⟨HX ∩ hX′ m ⟩ · Tξm (Y′ )

· ∆Y · dVX′

(3.12)

m=1

where Nh is the number of material points in the subset of material point X′n and
Nb is the number of material points whose subset includes the material point X′n . In
general, Nh ̸= Nb , and any relationship between Nh and Nb does not affect the results
of Equation (3.12). For the case of uniform bond-associated horizon size, Nh = Nb ,
since a material point is in the bond-associated subsets of all material points that fall
in its own bond-associated subset. It should also be noted that the bond-associated
force density states in the last equation of (3.12) are formulated based on different
bond-associated subsets that include the material point X′ of ∆Y, which makes it
impossible to express the force density state in the proposed Form II formulation in
the form of integral but as finite summation of all the bond-associated force density
states.
Therefore, the following relationship is obtained after replacing the right-hand
side of Equation (3.11) with Equation (3.12),
T [X, t] ⟨ξ⟩ =

Nb
X

w′ ⟨HX ∩ hX′ n ⟩ · Tξn [X, t] ⟨ξ⟩

(3.13)

n=1

where Tξn [X, t] ⟨ξ⟩ indicates the bond-associated force density state of bond ξ calculated based on the bond-associated subset of the mth material point within the
bond-associated subset of material point X′ of ξ. An illustration of the summation
of all the bond-associated force density states of a bond whose force density state is
sought is shown in Figure 3.2. For bond ξ, since material point X′ belongs to all the
bond-associated horizons of material points who are also within the bond-associated
horizon of X′ , its force density state has contribution from all the bond-associated
force density states of bond ξ calculated based on those bond-associated subsets
HX ∩ hX′ 1 , HX ∩ hX′ 2 , HX ∩ hX′ 3 . It should be noted that the bond-associated force
density state calculated based on the bond-associated horizon of material point X′
will also contribute to the force density state of bond ξ.
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Figure 3.2: A typical configuration for the calculation of force density state of bond
ξ based on all the bond-associated horizons that contain the material point X′ .
Finally, the force density state of a bond ξ in the Form II formulation has the
following explicit expression,
T [X, t] ⟨ξ⟩ =

Nb
X

w′ ⟨HX ∩ hX′ n ⟩ · w ⟨ξ⟩ · Pξn · K−1
ξn · X

(3.14)

n=1

where Pξn and K−1
ξn are respectively the bond-associated first Piola-Kirchhoff stress
and the shape tensor in the reference configuration for the bond-associated subset
HX ∩ hX′ n that includes the material point X′ of bond ξ.
Comparing the two force density states from Form I and Form II formulations, two
observations can be made: First, while the Form I force density state depends on only
the bond-associated force density state supported by the subset of the bond, the Form
II force density state has contributions from all the bond-associated force density
states whose formulation involves the material point of the bond. Second, both Form
I and Form II bond-associated formulations recover the conventional formulation
when the size of the bond-associated horizon is at least twice as large as the size of
the material point horizon. Detailed comparison regarding numerical performance of
these two formulations will be carried out in the numerical study section.
The bond-associated formulations share the same equations of motion as the general non-ordinary state-based peridynamics models, which can be written as
Z
(3.15)
ρ (X) ü (X, t) =
T [X, t] ⟨ξ⟩ − T [X′ , t] ⟨−ξ⟩ dVX′ + b (X, t) .
HX

where ρ is the mass density, u is the displacement vector, T [X, t] ⟨ξ⟩ is the force
density state that material point X′ exerts on material point X, and T [X′ , t] ⟨−ξ⟩ is
the force density state that material point X exerts on material point X′ , and b is
the general external force density vector.
As has been shown by Silling et al. [20], the balance of linear momentum is
satisfied irrespective to the explicit form of the force density state T as long as the
34

equations of motion are in the form of Equation (3.15). Therefore, the balance of
linear momentum is automatically satisfied in the proposed Form II formulation.
For completeness, a proof of balance of angular momentum of the proposed Form II
formulation is presented in the Appendix.
3.5

Numerical Study

In this section, detailed investigation and comparison between the Form I and the
Form II bond-associated formulations are conducted using three types of problems,
namely, wave dispersion analysis, static deformation analysis, and wave propagation
analysis. By changing the size of bond-associated horizon relative to the size of
material point horizon, its effects on model stabilization and prediction accuracy
in both formulations are investigated and compared. Analytical solution (for wave
dispersion analysis and 1D static deformation) and finite element method predictions
using MOOSE framework [53] and LS-DYNA [54] (for 2D static deformation and
wave propagation, respectively) are used as reference solutions, which are plotted in
the figures as the solid black curves. Unless otherwise noted, the material properties
and model parameters presented in Table 3.1 are used throughout this section. All
the numbers used or reported in this section are dimensionless.
Young’s modulus E
Poisson’s ratio ν
Density ρ
Mesh spacing ∆x
Weight function w ⟨ξ⟩
Spacing factor m
Spacing factor m′

106
0.3
100
1.0
δ/|ξ|
2
2, 3, 4

3
3, 4, 5, 6

4
4, 5, 6, 7, 8

Table 3.1: Material properties and model parameters used in numerical study
3.5.1

Wave Dispersion Analysis

Wave modeled by peridynamic models are in general dispersive due to the finite
size of a material point and the nonlocal interaction among material points. The
study of wave dispersion relations of peridynamic correspondence models provides
an alternative means to investigate their instabilities [50]. In general, the existence
of zero angular frequency for non-zero wavenumber is an indication of having zeroenergy modes that cause the material instability in the model. In this subsection, we
study and compare the wave dispersion relations between the Form I and the Form
II bond-associated formulations. As pointed out in a recent study by Chan and Chen
[50], the wave dispersion relations of 3D problems are consistent with that of 2D
problems in the Form I formulation. Therefore, the focus of this example is on the
wave dispersion relations using 1D and 2D problems.
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To obtain the wave dispersion relations in the bond-associated formulations, a
plane wave of the form [22, 23, 36]
u(X, t) = u0 ei(kn·X−ωt)

(3.16)

is substituted into Equations (3.6) (Form I) and (3.14) (Form II) to obtain an algebraic equation systems, with k being wave number, n is unit vector in the direction
of wave propagation, and ω is angular frequency. The solution procedure and analytical expression of the angular frequency in terms of the wavenumber for the Form
I formulation can be found in Ref. [50]. The same procedure is applied to obtain
the wave dispersion relations in the Form II formulation. In this study, we present
the final results of the wave dispersion relations in both formulations without details
on the derivation. Interested readers could find many papers on this topic, such as
[22, 23, 36, 50].
For all results presented in this subsection, the angular
q frequencies are normalE
for 1D problems and
ized by the theoretical wave propagation speed, c =
ρ
q
E(1−ν)
c = ρ(1+ν)(1−2ν)
for 2D problems. The wavenumber is normalized by 2π/∆x. Due
to existence of periodicity, the range of the normalized wavenumber is fixed to be one
period [0, 1].
1D Cases
The results of the wave dispersion relations in the 1D Form I and Form II models are shown in Figure 3.3. It should be noted that since only the real solutions
of the angular frequency provide meaningful insights regarding the stability of the
correspondence models, the complex solutions if any are treated as zero in the wave
dispersion curves. This can be seen from the plots for the Form I models in Figure
3.3. Also, the intersections at k∆x/2π = 1 is due to the periodicity of the wave dispersion relations resulted from using regular spatial discretization. The solid black
lines indicate analytical solution from linear elasticity.
As can be seen from Figure 3.3, for Form I formulation, all curves for different
combinations of the bond-associated horizon size and the material point horizon size
show zero angular frequencies for non-zero wavenumbers, except two cases of m =
3, m′ = 3 and m = 4, m′ = 4. This indicates the existence of zero-energy modes in
the Form I formulation for these combinations. For Form II formulation, the model
stability is significantly improved compared to the Form I formulation. Also, there
is no complex solution for any combinations, and the number of the occurrence of
zero angular frequency for non-zero wavenumber significantly reduced. Except the
conventional formulation, zero-energy modes only exist in the Form II formulation
for the following combinations: m = 2, m′ = 3; m = 3, m′ = 5; and m = 4, m′ = 7.
For both formulation, with the increase of material point horizon, the number of the
occurrence of zero angular frequency for non-zero wavenumber increases. Another
significant improvement of the Form II formulation over the Form I formulation is
the initial slope of the wave dispersion curve. As can be seen from the zoom-in
views, the initial slope of some curves are larger than the slope of the theoretical
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curve. However, all Form II models predict equal or smaller initial slope as that of
the theoretical curve.
2D Cases
For 2D wave dispersion analysis, the incidence angle is set to zero, i.e., n = [1, 0, 0].
For this wave propagation direction, there are two roots of the angular frequencies
corresponding to the pressure wave and shear wave in the x and y directions, respectively. In this subsection, only the solution of the pressure wave is studied. Plane
stress conditions are assumed. The results for both bond-associated formulations are
presented in Figure 3.4.
As can be seen from Figure 3.4, material instability is completed removed in the
Form II formulation for all the cases studied, while the Form I formulation still suffers
from material instability for the case of m = 2, m′ = 3. This further justifies the
findings regarding the material stability of the Form I formulation in the literature,
such as [28, 29]. The issue of the initial slope of the wave dispersion curves of Form
I models does not exist for 2D problems.
3.5.2

Linear Elastic Deformation Analysis

In this example, we investigate and compare the stability and prediction accuracy of
the two bond-associated formulations using 1D and 2D static deformation problems.
To verify the accuracy of the predictions, the analytical solution (1D) and FEM results
(2D) are used as a reference. In addition to detailed comparison with the reference
solutions, a global relative error in overall prediction accuracy is also calculated, which
is defined as
qR
Error =

|upd − ur |2 dV
qR
|ur |2 dV
Ω
Ω

(3.17)

where upd is the solution obtained using the two formulations and ur is the reference
solution. The calculated global relative errors for both 1D and 2D problems are tabulated in Table 3.2, with the errors of the conventional formulation that recovered
from bond-associated formulations highlighted. Due to larger oscillation in the displacement fields predicted by the conventional model, these results are not shown in
the plots.
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Figure 3.3: Comparison of 1D wave dispersion relations in bond-associated models
for different combinations of horizons (left column: Form I, m = 2, 3, 4; right column:
Form II, m = 2, 3, 4).
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Figure 3.4: Comparison of 2D wave dispersion relations in bond-associated models
for different combinations of horizons (left column: Form I, m = 2, 3, 4; right column:
Form II, m = 2, 3, 4).
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1D
m
2

3

4

′

m
2
3
4
3
4
5
6
4
5
6
7
8

2D

I
II
0.0380
0.0012
0.1088
0.2057
23.4712 23.4712
0.0505
0.0088
0.0848
0.0143
4.1794
0.4564
16.6490 16.6490
0.0533
0.0210
0.0857
0.0249
0.1153
0.0448
0.4089
0.7748
174.1590 174.1590

I
0.1092
0.2589
0.0283
0.0167
0.1314
0.0647
1.4258
0.0091
0.1276
0.1117
0.0292
1.9212

II
0.0055
0.0050
0.0283
0.0046
0.0073
0.0198
1.4258
0.0114
0.0150
0.0220
0.0707
1.9212

Table 3.2: Global error for the 1D and 2D static deformation examples.
1D Bar
An 1D elastic bar of length L = 1 is fixed at one end while the other end is applied
with a tensile force of value 2.0×104 . The mesh spacing used is ∆x = 5.0×10−3 , which
results in 200 uniformly spaced material points. The comparison of the displacement
field predicted by the two bond-associated formulations are shown in Figure 3.5. The
predicted displacement u and the material point position x are normalized by σL/E
and L, respectively. For better comparison, the normalized displacement is plotted
over the interval of [0, 1].
Based on the results presented in Figure 3.5, the following observations can be
made for 1D static deformation problems. First, as manifested in the form of oscillatory displacement fields, material instability still exists in both bond-associated
formulations for certain combinations of the horizon sizes. For the Form I model,
these combinations are: m = 2, m′ = 2, 3; m = 3, m′ = 4, 5; and m = 4, m′ = 5, 6, 7.
For the Form II model, the unstable cases are: m = 2, m′ = 3; m = 3, m′ = 5; and
m = 4, m′ = 7. This is consistent with the findings from the wave dispersion analysis.
Second, in terms of the slope of the curves, the Form I formulation predicts smaller
slope than that of the analytical solution, while the Form II formulation predicts the
same slope as that of the analytical solution. This indicates the force density state in
the Form I formulation yields larger material stiffness while the force density state in
the Form II formulation predicts the correct material stiffness. Third, the oscillations
at the beginning and the ending portions of some curves for both bond-associated
formulations are due to the well-known skin effect when the displacement boundary
condition is applied to a single layer of material points. This skin effect intensifies
with the increase of the material point horizon size. Nonetheless, compared to the
Form I formulation, the Form II formulation significantly improves the material instability for 1D problems. For larger bond-associated horizon size, e.g., m′ = 2m − 1,
the Form II formulation still has material instability. Although not shown in the
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plots, the conventional formulation (when m′ = 2m) has the most significant material instability, which can be seen from the global relative errors presented in Table
3.2.
The global relative errors shown in Table 3.2 further support the above observations. For both formulations, the combination of m = m′ has the smallest global
relative error for a fixed m. For each combination, the Form II formulation generally
predicts more accuracy result than the Form I formulation.
Based on the results presented in Figure 3.8, the following observations can be
made for 2D static deformation problems. First, the static deformation results are
consistent with the wave dispersion analysis results in terms of model instability. For
2D problems, there is only one case, i.e., m = 2, m′ = 2, among all the combinations
studied in this work that has the issue of material instability. Second, compared to
the Form I formulation, the Form II formulation is less sensitive to the size of the
bond-associated horizon for a fixed material point horizon. This can be seen from
the results as all the curves for the Form II models are very close to the FEM curves
while the curves for the Form I models are quite scattered away from each other.
Third, regarding the skin effect, it is more critical in the Form II formulation than
in the Form I formulation as both the material point horizon size and the bondassociated horizon size increase. This can be seen for the case of m = 4, m′ = 7 in
Figure 3.8. The global relative errors presented in Table 3.2 further confirms that
the Form II models perform better than the Form I models, as the errors of the Form
II models are significantly smaller than those of the Form I models. The oscillation
in the displacement field due to material instability in the conventional model can
be seen from Figure 3.7 for the case of m = 3. Compared to the FEM result, both
bond-associated formulations predict very accurate displacement field for the case of
m = 3, m′ = 3.
2D Rectangular Plate With Center Notch
In this example, a thin rectangular elastic plate with a center notch under plane
stress conditions is considered. This example aims to investigate the bond-associated
formulations for multi-dimensional problems. The dimensions and boundary conditions of the plate are shown in Figure 3.6. With regard to spatial discretization, 200
material points along the x-direction and 80 material points along the y-direction
are used, which results in a mesh spacing of ∆x = 0.5. A detailed comparison of
displacement ux along the center line (see dashed line in Figure 3.6) is made among
the two bond-associated formulations and the FEM. To generate the FEM results,
16,000 (200 × 80) 4-node quadrilateral elements with edge length Le = 0.5 were used.
The FEM results are shown as solid black curves. The results for the bond-associated
models are taken as the average of the solutions at the top and bottom rows of material points closest to the center line. These results are shown in Figure 3.8. The
global relative errors are presented in Table 3.2. A comparison of the predicted displacement fields of the whole plate using FEM, conventional formulation (m = 3),
and bond-associated formulations (m = 3, m′ = 3) are shown in Figure 3.7.
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Figure 3.5: Comparison of displacement ux of 1D linear elastic bar predicted by the
bond-associated models for different combinations of horizons (left column: Form I,
m = 2, 3, 4; right column: Form II, m = 2, 3, 4).
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Figure 3.6: Schematic showing geometry and boundary conditions of a thin rectangular plate with a center notch.

Figure 3.7: Comparison of the predicted displacement fields of the whole plate (top
row: FEM, Conventional m = 3; bottom row: Form I, Form II, m = 3, m′ = 3).
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Figure 3.8: Comparison of displacement ux along center line predicted by the bondassociated models for different combinations of horizons (left column: Form I, m =
2, 3, 4; right column: Form II, m = 2, 3, 4).
3.5.3

Wave Propagation Analysis

The last example investigates and compares the performance of both bond-associated
formulations for 3D elastic wave propagation problems. An elastic bar with dimen-
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sions of 1.0 × 1.0 × 15.0 is considered. The mesh spacing used in this example is
approximately ∆x = 0.04762, which results in 21, 21, and 315 regular material points
along the x, y and z directions, respectively. The first layer of material points at one
end of the elastic bar in the z-direction is fixed, while the other end is applied with
a displacement
uz (t) = 0.01 × sin(40πt)

(3.18)

for a period of time tapply = 0.05. The total simulation time is ttotal = 0.35, and a
time step size of ∆t = 10−4 is used. As for time integration, the Verlet method is
used. To minimize the effect of the transverse wave on the longitudinal wave due to
Poisson’s effect, the material Poisson’s ratio used in this example is ν = 0.0. The
displacement profile of the center material point with coordinates of (0.5, 0.5, 7.5) is
shown in Figure 3.9. For the generation of FEM results, 120,000 (20 × 20 × 300)
8-node hexahedral elements with edge length Le = 0.05 were used. The FEM results
are shown as solid black curves. The vertical dashdotted line indicates the time when
the wave hits the other end of the bar.
Based on the results presented in Figure 3.9, the following observations can be
made for wave propagation in the bond-associated models. First, compared to the
conventional formulation, both bond-associated formulations improve the stability of
the correspondence model for dynamic problems, especially the Form II formulation.
For Form I formulation, it underperforms the conventional formulation when m = 2.
Second, there exists significant phase difference, both lag and lead, in the Form I
results compared to the FEM result. However, the Form II models predict much
better results than the Form I models. Except for large bond-associated horizons,
i.e., for cases of m = 3, m′ = 5 and m = 4, m′ = 7, Form II results correlate to FEM
result very well. Third, wave dispersion exists in both bond-associated formulations
and it intensifies with the increase of material point horizon size. This applies to
all peridynamic models due to the finite size of a material point and the nonlocal
interaction among material points. In terms of the displacement profile at the center
material point, high-frequency low-magnitude waves are observed after the pass of
the main wave, such as at time t = 0.13 and t = 0.28. The magnitudes of these
high-frequency waves increase with the change of material point horizon size from
m = 2 to m = 4. Fourth, there exists dynamic instability in the Form I formulation
when the size of the bond-associated horizon is close to the size of the material
point horizon, such as m = 3, m′ = 3. In terms of wave behavior at the center
material point, this occurs after the pass of the reflected wave at its location. The
interference between the reflected wave and the dispersed wave may be the source of
this instability. This dynamic instability is different from the material instability since
there is no material instability in the Form I formulation for the cases of m = 3, m′ = 3
and m = 4, m′ = 4. Further study is needed to understand this dynamic instability
in the Form I formulation. Nonetheless, the Form II formulation does not have such
instability and the results of this dynamic example further shows its good performance
and high prediction accuracy.
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Figure 3.9: Comparison of displacement profiles at the center material point predicted
by bond-associated models for different combinations of horizons (left column: Form
I, m = 2, 3, 4; right column: Form II, m = 2, 3, 4).
3.6

Discussion and Conclusion

A reformulation of the peridynamic bond-associated correspondence formulation originally proposed by Chen and Spencer [28, 29] was presented and studied in this work.
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The main difference between the proposed reformulation and the original formulation lies in the calculation of the force density state. In the original formulation, a
force density state depends only on the bond-associated force density state of the
bond. A volume ratio is used to account for the energy balance between the bondassociated formulation and its continuum counterpart. In the proposed reformulation, a force density state depends on all the bond-associated force density states
whose formulation involves the deformation state of the bond. In addition to the
material point horizon size, the bond-associated horizon size is also adjustable in the
bond-associated formulations. Changing the size of the bond-associated horizon can
achieve different degrees of stabilization and results in varying prediction accuracy.
Both bond-associated formulations recover the conventional formulation when the
bond-associated horizon is at least twice as large as the material horizon.
To investigate and compare the performance of these two bond-associated formulations, three types of problems were studied for different combinations of the size
of bond-associated horizon and the size of material point horizon. For wave dispersion analysis, it was found that the reformulation significantly improves the material
instability for both 1D and 2D cases. For 1D cases, the initial slope of the wave
dispersion curves of the reformulation align well with the theoretical value predicted
by linear elasticity, while the original formulation predicts larger initial slope. In addition, the number of occurrence of zero angular frequency for non-zero wavenumber
(except those due to periodicity resulted from regular spatial discretization) is greatly
reduced. For 2D cases, the material instability for the case of m = 2, m′ = 3 using the
original bond-associated formulation is eliminated in the reformulation. For all other
combinations, both bond-associated formulations are free of material instability. The
results from static deformation analysis are consistent with the findings from wave
dispersion analysis. For 1D cases, the original bond-associated models predict smaller
material stiffness than the theoretical value for all combinations. The original bondassociated formulation has material instability for those combinations revealed in the
wave dispersion analysis. The reformulation predicts the correct material stiffness and
has much smaller global relative errors than the original bond-associated formulation
for all combinations without material instability. For 2D cases, both bond-associated
formulations predict very good results compared to the FEM solution. The skin effect due to missing neighbors for boundary material points becomes more severe in
the reformulation than in the original bond-associated formulation with the increase
of both material point horizon and the bond-associated horizon. Wave propagation
analysis revealed one issue of dynamic instability in the original bond-associated formulation when the size of bond-associated horizon is close to the size of material
point horizon. In addition, there is phase difference in the original bond-associated
formation depending on the combinations of the size of bond-associated horizon and
the size of material point horizon. Wave dispersion in bond-associated formulations
is further confirmed in the wave propagation analysis. Based on the numerical investigation and comparison, small bond-associated horizon is recommended for use in
the proposed reformulation.
Investigation of the performance of proposed reformulation for fracture problems
under various loading conditions is a topic for future work.
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Chapter 4 Numerical Study of the Second-Order Peridynamic Material
Correspondence Model

4.1

Background

In this paper, a numerical study of the second-order model of recently developed
higher-order peridynamic correspondence formulations is presented. Connections of
the model with all three types of Mindlin first gradient theories are established. An
implicit solution scheme based on the automatic differentiation technique for the construction of the stiffness matrix is developed. To examine the material stability of the
model, a wave dispersion analysis is conducted for different combinations of horizon
size and length scale parameter. To verify the prediction accuracy of the model, a
benchmark linear elastic deformation problem with analytical solution is modeled for
different length scale parameters. From the wave dispersion analysis, it is found that
the second-order model is stable as long as the material has nonzero length scale parameter. It is also found that increasing the size of either the mesh spacing factor or
the length scale parameter reduces the dispersiveness of the angular frequency - wave
number curve while increasing mesh spacing increases the dispersiveness of the curve.
In the linear elastic deformation study, great agreements between the model predictions and the analytical solutions for nonzero length scale parameters are observed.
For small length scale parameter, both the model prediction and the analytical solution are very close to conventional solution without considering length scale effect.
This observation verifies the prediction accuracy of the model and confirms the ability
of the model to accurately capture the length scale effect in materials.
4.2

Introduction

Experiments have shown that the mechanical behavior of material is strongly sizedependent at the micro- or submicron scales [55, 56, 57, 58, 59]. Materials at these
small length scales tend to behave elastically stiffer than at larger length scales. As
explained by Mindlin [12], this length scale dependency of the mechanical behavior is
related to the internal microstructure of materials. However, from modeling perspective, the classical continuum theory is not able to capture this phenomenon because
the materials are treated as collection of infinitely many volumeless particles and the
materials internal microstructure is totally neglected. To provide a quantitative explanation for the length scale dependency of materials behavior in the framework of
classical continuum theory, Mindlin et al [12, 13, 14] proposed a higher-order continuum theory known as gradient theory. The Mindlin gradient theory was developed
based on not only the displacement gradient used in the classical continuum theory
but also higher-order displacement gradients, such as second gradient of displacement,
strain gradient, and rotation gradient [14]. Depending on the type of higher-order
displacement gradient used in the formulation, the Mindlin gradient theory has three
equivalent formulations stemming from the same strain energy density functional,
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which are called Type I model based on the second gradient of displacement, Type
II based on the strain gradient, and Type III based on the rotation gradient [14].
On the other hand, peridynamics (PD) is a nonlocal continuum theory developed
to overcome the challenges in the classical continuum theory for materials failure
modeling and simulation [18, 20]. Unlike the classical continuum theory, peridynamics formulates the equation(s) that governs the physical behavior of materials using
integro (spatial)-differential (temporal) equation(s) instead of the partial differentiation equation(s) for both dimensions. As a result of this reformulation, peridynamic
theory remains well-defined in the presence of spatial discontinuities such as cracks
in the solution domain [20]. Another unique feature of peridynamic theory is its formulation nonlocality. In peridynamic theory, materials are treated as an assembly of
material points whose interaction with neighboring material points is nonlocal, i.e.,
a peridynamic material point can interact with neighboring material points up to
certain distance, called horizon. When the horizon size collapses to zero for elastic
problems, peridynamic theory converges to the classical Elasticity theory [60]. According to Refs. [61, 62], the size of horizon can be selected to capture the length
scale effect using the peridynamic theory.
Among the different types of peridynamic models, the material correspondence
model offers unique benefits by directly incorporating material constitutive models
from the classical continuum theory [63]. Recently, Chen and Chan [30] proposed a
higher-order peridynamic material correspondence formulation based on higher-order
deformation gradients that constructed using the weighted least squares technique
as the first-order deformation gradient. Similarly, the higher-order correspondence
models directly incorporate the constitutive models from the higher-order continuum
theory. Therefore, the length scale effect can be modeled in peridynamics in the same
way as in the higher-order continuum theory. In their study, Chen and Chan [30] derived both the second-order and the third-order peridynamic material correspondence
models and connected these models to the second-order and the third-order Type II
gradient models, respectively. Although detailed formulations were presented by Chen
and Chan, no numerical study regarding the performance of these newly developed
higher-order models was performed. It was not clear how effective these new models
are in capturing the length scale effect. Also, since the higher-order peridynamic
correspondence models share the same formulation basis as the first-order model and
the first-order model suffers from the material instability [28, 29], it was not clear
whether the higher-order models have the same issue or not.
It is the goal of this study to present a numerical study of the second-order peridynamic material correspondence model to examine the material stability and the
ability and accuracy in capturing the length scale effect of the second-order correspondence model. To this end, the second-order correspondence model will be first
connected to all the three types of Mindlin first gradient models. Implicit solution
scheme for the second-order correspondence model for deformation problems will be
developed. Two numerical examples, namely, wave dispersion analysis and deformation prediction, will be studied and the model prediction will be compared against
analytical solution for the deformation problem. The remainder of this paper is organized as followed: Section 2 presents a brief review of the second-order peridynamic
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correspondence model. Section 3 connects the second-order peridynamic correspondence model with all three types of Mindlin first gradient models. A brief review of
the three types of Mindlin first gradient models is also given. Equivalency among
the three connected second-order peridynamic correspondence models based on the
three types of Mindlin first gradient models assuming the same energy functional is
also shown. The implicit solution scheme based on the stiffness matrix constructed
using the automatic differentiation technique is presented in Section 4. The numerical
study of wave dispersion analysis and deformation prediction is conducted in Section
5. Discussion and conclusion are presented at the end.
4.3

Review of the Second-order Peridynamic Material Correspondence
Model

A brief review of the second-order peridynamic material correspondence model is
presented in this section. A detailed discussion of the formulation can be found in
Ref. [30].
In the framework of peridynamic material correspondence models, the equation
of motion for a material point X at time t is expressed using the integro-differential
equations as
Z
ρü =
HX






T X, t ξ − T X′ , t − ξ dVX′ + b(X, t),

(4.1)



where ρ is the mass density, u is the displacement vector, T X, t ξ is the force
density state that material point X′ exerts on material point X, and T X′ , t −ξ is
the force density state that material point x exerts on material point X′ , ξ := X′ −X
is the bond connecting these two material points, HX is the neighborhood of X, whose
size is defined by the horizon size δ, and b is the general external force density vector.
The explicit form of the force density state T is model dependent.
4.3.1

Deformation Gradient and Hessian

In the peridynamic correspondence formulation, the deformation gradient is constructed based on the Taylor series expansion of the deformation state y using the
weighted least squares technique [28, 29]. Specific for the second-order peridynamic
correspondence model, the deformation state y := (X′ + u′ ) − (X + u) of bond ξ is
approximated by the Taylor series expansion using only the first two terms as
1 ξ,(1)
y i = Fijξ X j + Fijk X j X k
2
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(4.2)

where X := ξ is the reference position vector state, and the deformation gradient F
and the Hessian F(1) are defined as follows
∂y i

,
∂X j
∂ 2yi

Fij :=
(1)

Fijk :=

(4.3)

∂X j X k

.

(4.4)

It should be noted that the superscript (1) is used for the second-order deformation gradient or Hessian while no superscript is used for the first-order deformation
gradient, to be consistent with the notation used in the classical continuum mechanics
theory.
By minimizing the weighted squares of the error of the approximation of all bonds
associated with a material point, the deformation gradient and the second-order deformation gradient or Hessian of a material point have the following expressions






−1
e3
e −1
Fij = L2 ik K2−1 kj − L
K
K
K
,
(4.5)
3
4
2
ikl
klmn
mno
oj


(1)
e3
e 4−1
K
,
(4.6)
Fijk = 2 L
imn
mnjk
in which the following tensors are defined as
Z

K2 kj :=
ωX k X j dVX′ ,

(4.7)

HX

K3

K4

e4
K


klmn

Z



klmn

ikl

:=
HX

:= K4

L3



(4.8)

ωX k X l X m X n dVX′ ,

(4.9)

HX

Z



L2

e3
L

ωX m X n X o dVX′ ,

:=

mno



− K3
klmn


kli

K2−1


ij

K3


jmn

,

(4.10)

Z


ik


ikl

:= L3

ωy i X k dVX′ ,

(4.11)

ωy i X k X l dVX′ ,

(4.12)

:=
HX

Z
:=
HX


ikl

− L2

in which ω is the weight function.
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im

K2−1


mn

K3


nkl

,

(4.13)

4.3.2

Force density state

In peridynamic correspondence model, the force density state of a bond is derived using the Fréchet derivative of the strain energy density of a material point with respect
to the deformation state of the bond [20]. For the second-order peridynamic material
correspondence model [30], the force density state has the following expression as

T i = ωPij X k K2−1 kj


  −1 


e
− ωPij X m X n − X l K2−1 lo K3 omn K
K3 pqk K2−1 kj
4
mnpq


  −1 
(1)
e4
+ 2ωPijk X m X n − X l K2−1 lo K3 omn K
mnjk

(4.14)

where P is the first Piola-Kirchhoff stress, and P(1) is the first gradient of the first
Piola-Kirchhoff stress. These two stress and stress gradient are the energy conjugates
of the first-order deformation gradient and the second-order deformation gradient,
respectively, which can be written as
(1) 
∂W Fij , Fijk
,
(4.15)
Pij =
∂Fij
(1) 
∂W
F
,
F
ij
ijk
(1)
(4.16)
Pijk =
(1)
∂Fijk
(1) 
where W Fij , Fijk is the strain energy density function that only depends the firstorder deformation gradient and the second-order deformation gradient.
From the explicit form of the force density state given in Eq. (4.14), it is clear
that relationships between F and P and F(1) and P(1) must be established before
the force density state can be determined. In next section, these relationships are
established using Mindlin first gradient models.

4.4

4.4.1

Connecting the Second-order Peridynamic Correspondence Model
with Mindlin First Gradient Elasticity Models
Review of Mindlin First Gradient Elasticity Models

In Mindlin first gradient theory [14], there are three alternative models (Type I, II and
III) according to the kinematic variables involved in the formulation of strain energy
density function. This subsection reviews the kinematic variables, the strain energy
density functions, the stresses and double stresses, and the constitutive relations for
each of the Mindlin first gradient elasticity models.
Kinematic Variables
The kinematic variables used in the Mindlin first gradient theory are defined in terms
of the spatial derivatives of the displacement as follows [14]
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1
1
εij = (uj,i + ui,j ) = εji = (Fij + Fji ) − δij = strain,
2
2
(1)
κ̃ijk = uk,ij = κ̃jik = Fkij = second gradient of displacement,
1
κ̂ijk = (uk,ji + uj,ki ) = κ̂ikj = gradient of strain,
2
1
κij = ejlk uk,li = gradient of rotation,
2
1
κijk = (uk,ij + ui,jk + uj,ki ) = symmetric part of κ̃ijk or κ̂ijk ,
3

(4.17)
(4.18)
(4.19)
(4.20)
(4.21)

in which eijk is the permutation symbol.
Since all variables above depend on derivatives of the displacement, these kinematic variables are related as follows
2
2
κ̃ijk = κ̂ijk + κ̂jki − κ̂kij = κijk + κil eljk + κjl elik ,
3
3
1
1
1
κ̂ijk = (κ̃ijk + κ̃ikj ) = κijk − κjl ekil − κkl ejil ,
2
3
3
1
κij = κ̃ilk ejlk = κ̂lik ejlk ,
2
1
1
κijk = (κ̃ijk + κ̃jki + κ̃kij ) = (κ̂ijk + κ̂jki + κ̂kij ).
3
3

(4.22)
(4.23)
(4.24)
(4.25)

Constitutive Relations
The constitutive relations in the Mindlin first gradient theory depend on the strain
energy density function used in each model [12]. For the Type I model, the strain
energy density function W˜ depends on the strain and the second gradient of displacement, while for the Type II model and the Type III model, the strain energy density
functions Wˆ and W depend on the strain and the strain gradient and the rotation
gradient and the symmetric part of the strain gradient, respectively.
W = W˜ (ε, κ̃) = Wˆ (ε, κ̂) = W (ε, κ, κ).

(4.26)

With the explicit form of the strain energy density function, the corresponding
stresses and double stresses with respect to the kinematic variables used in the function can then be derived using the concept of energy conjugate. As a result, the
constitutive relations can also be determined.
Type I
In the Type I model, the strain energy density function depends on the strain ε and
the second gradient of displacement κ̃, which can be explicitly written as
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1
W˜ (ε, κ̃) = λεii εjj + µεij εij + ã1 κ̃iik κ̃kjj + ã2 κ̃ijj κ̃ikk
2
+ ã3 κ̃iik κ̃jjk + ã4 κ̃ijk κ̃ijk + ã5 κ̃ijk κ̃kji

(4.27)

where λ and µ are the Lamé constants and ãi (i = 1, 2, ..., 5) are gradient parameters
for the Type I model. The energy conjugate stresses can then be found as
∂ W˜
∂εij
= λδij εll + 2µεij ,
∂ W˜
µ̃ijk =
∂κ̃ijk
1
= ã1 (κ̃lli δjk + 2κ̃kll δij + κ̃llj δik ) + ã2 (κ̃ill δjk + κ̃jll δik )
2
+ 2ã3 κ̃llk δij + 2ã4 κ̃ijk + ã5 (κ̃kji + κ̃kij ).
σij =

(4.28)

(4.29)

Type II
In the Type II model, the strain energy density function depends on the strain ε and
its first gradient κ̂, which has the following explicit form as
1
Wˆ (ε, κ̂) = λεii εjj + µεij εij + â1 κ̂iik κ̂kjj + â2 κ̂ijj κ̂ikk
2
+ â3 κ̂iik κ̂jjk + â4 κ̂ijk κ̂ijk + â5 κ̂ijk κ̂kji .

(4.30)

where âi (i = 1, 2, ..., 5) are gradient parameters for the Type II model. The energy
conjugate stresses are then obtained as
∂ Wˆ
∂εij
= λδij εll + 2µεij ,
∂ Wˆ
µ̂ijk =
∂κ̂ijk
1
= â1 (κ̂kll δij + 2κ̂lli δjk + κ̂jll δki ) + 2â2 κ̂ill δjk
2
+ â3 (κ̂llk δij + κ̂llj δik ) + 2â4 κ̂ijk + â5 (κ̂kij + κ̂jki ).
σij =

(4.31)

(4.32)

Type III
The strain energy density function of the Type III model depends on the strain ε, the
rotation gradient κ and the symmetric part of the second gradient of displacement κ
as
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3
1
W (ε, κ, κ) = λεii εjj + µεij εij + a1 κiij κkkj + a2 κijk κijk
2
2
+ 2a3 κij κij + 2a4 κij κji + a5 eijk κij κkll

(4.33)

where ai (i = 1, 2, ..., 5) are gradient parameters for the Type III model. The energy
conjugate stresses are
∂W
∂εij
= λδij εll + 2µεij ,

(4.34)

∂W
∂κij
= 4a3 κij + 4a4 κji + a5 eijl κlpp ,

(4.35)

σij =

µijk =

∂W
∂κijk
= a1 (κllk δij + κlli δjk + κllj δki ) + 2a2 κijk
1
+ a5 κlp (δij elpk + δjk elpi + δki elpj ).
3

µijk =

(4.36)

Since the strain energy density functions of this three models are identical but
expressed in terms of different kinematic variables, (Eq. (4.26)), the gradient parameters ã, â and a are related by the following relations:
â1
â2
â3
â4
â5
a1
a2
a3
a4
a5

= 2ã1 − 4ã3 ,
= −ã1 + ã2 + ã3 ,
= 4ã3 ,
= 3ã4 − ã5 ,
= −2ã4 + 2ã5 ,
2
= (â1 + â2 + â3 ),
3
= â4 + â5 ,
1
= (−2â1 + 4â2 + â3 + 6â4 − 3â5 ),
18
1
= (2â1 − 4â2 − â3 ),
18
1
= (â1 + 4â2 − 2â3 ).
3

(4.37)
(4.38)
(4.39)
(4.40)
(4.41)
(4.42)
(4.43)
(4.44)
(4.45)
(4.46)

Similarly, there exists the following unique relationships among the double stresses
based on the relationships between the kinematic variables given in Eqs. (4.22) (4.25) as [64]:
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1
1
1
µ̃ijk = (µ̂ijk + µ̂jik ) = µijk + µip epjk + µjp epik ,
2
4
4
1
1
µ̂ijk = µ̃ijk + µ̃kij − µ̃jki = µijk + µjp epik + µ̃kp epij ,
2
4
4
2
µij = µ̃ikp ejkp = µ̂kpi ejkp ,
3
3
1
1
µijk = (µ̃ijk + µ̃jki + µ̃kij ) = (µ̂ijk + µ̂jki + µ̂kij ).
3
3
4.4.2

(4.47)
(4.48)
(4.49)
(4.50)

Incorporating Constitutive Models From Mindlin First Gradient
Models Into the Second-order Peridynamic Correspondence model

In the first-order peridynamic correspondence model, the first Piola-Kirchhoff stress
P is related to the deformation gradient F via the stress-strain relationship in the
conventional continuum theory. For the second-order peridynamic correspondence
model, to relate the gradient of the first Piola-Kirchhoff stress P(1) to the secondorder deformation gradient F(1) , the constitutive relations between the double stresses
and the corresponding kinematic variable will need to be used. In this subsection,
we present how to develop such relations using the different types of Mindlin first
gradient models.
Type I
Assuming the strain energy density function of the second-order peridynamic correspondence model is equal to that of the Type I model, the gradient of the first
Piola-Kirchhoff stress can be related to the double stress using chain rule as
(1) 

(1)

Pijk =

∂W Fij , Fijk
(1)

∂Fijk

=

∂ W˜ εlm , κ̃lmn
(1)

∂Fijk




∂ W˜ εlm , κ̃lmn ∂κ̃lmn
=
.
(1)
∂κ̃lmn
∂Fijk

(4.51)

By the definition of the double stress µ̃ of the Type I model (Eq. (4.29)) and using
the relationship between the second gradient of displacement κ̃ and the second-order
deformation gradient F(1) (Eq. (4.18)), the following relation can be obtained
(1)
Pijk


(1)
∂ W˜ εlm , κ̃lmn ∂κ̃lmn
∂Fnlm
=
=
µ̃
= µ̃lmn δni δlj δmk = µ̃jki .
lmn
(1)
(1)
∂κ̃lmn
∂Fijk
∂Fijk

(4.52)

Type II
Similarly, the Eq. (4.16) can be rewritten using the chain rule for the Type II model
as

(1) 
∂W Fij , Fijk
∂ Wˆ εlm , κ̂lmn ∂κ̂lmn
(1)
Pijk =
=
,
(4.53)
(1)
(1)
∂κ̂lmn
∂Fijk
∂Fijk
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Relating κ̂ to F(1) using the first equality of Eq. (4.23), the following relationship
between P(1) and µ̂ can be obtained

(1)
Pijk

(1)
(1)
∂ Wˆ ∂κ̂lmn
∂Fmnl ∂Fnlm 
1
=
= µ̂lmn
+
(1)
(1)
(1)
∂κ̂lmn ∂Fijk
2
∂Fijk
∂Fijk
1
= µ̂lmn (δmi δnj δlk + δni δlj δmk ).
2

(4.54)

Type III
Following similar procedure, the gradient of the first Piola-Kirchhoff stress is related
to the double stresses in Type III model as
(1) 

(1)

Pijk =

∂W Fij , Fijk
(1)
∂Fijk

= µlm

∂κlm
(1)
∂Fijk

=

+ µlmn

∂W ∂κlm
∂W ∂κlmn
+
(1)
(1)
∂κlm ∂Fijk
∂κlmn ∂Fijk

∂κlmn
(1)

∂Fijk

1
= µlm (δqi δlj δpk + δqi δpj δlk )empq
4

1
+ µlmn δli δmj δnk + δmi δnj δlk + δni δlj δmk
3

(4.55)

where the following two relationships have been used
1 (1)
κlm = Fqlp empq
2

(4.56)

1 (1)
(1)
(1) 
Flmn + Fmnl + Fnlm .
3

(4.57)

and
κlmn =
4.4.3

Equivalency Among Three Incorporated Second-order Peridynamic
Correspondence Models

In this subsection, we show the equivalency among the three established relations
between the gradient of the first Piola-Kirchhoff stress and the double stresses of the
three types of Mindlin first gradient models.
The equivalency between the peridynamic correpondence models based on Type I
and the Type II Mindlin first gradient models can be realized using the first equality
of Eq. (4.47).
1
1
(1)
Pijk = µ̂lmn (δmi δnj δlk + δni δlj δmk ) = (µ̂kij + µ̂jki ) = µ̃jki
2
2
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(4.58)

where symmetry of µ̂ with respect to the second and the third indices is used.
The equivalency between the peridynamic correspondence models based on the
Type I and the Type III Mindlin first gradient models can be obtained using the
second equality of Eq. (4.47)
1
1
(1)
Pijk = emki µjm + emji µkm + µjki = µ̃jki .
4
4

(4.59)

From Eqs. (4.58) and (4.59), it has been shown that the gradient of the first PiolaKirchhoff stress P(1) determined based on the constitutive relations from the three
Mindlin first gradient models are exactly identical. Since the first Piola-Kirchhoff
stress P is determined from the conventional continuum mechanics (Eqs. (4.28),
(4.31) and (4.34)) and are the same for all three Mindlin first gradient models, the resulted force states T (Eq. (4.14)) therefore are identical irrespective of which Mindlin
first gradient models to be used. This will be reflected in the numerical study that
only one of the Mindlin first gradient models will be used in the second-order peridynamic correspondence model.
4.5

Implicit Solution Scheme

To solve static or quasi-static mechanical problems using the proposed higher-order
correspondence model, the implicit solution scheme is adopted in this work. In this
section, we present using the Automatic Differentiation (AD) [65] for numerical evaluation of the stiffness matrix for linear elastic problem. AD is a collection of techniques
that allows for the numerical evaluation of the derivatives of any differentiable function without having to explicitly write the computer code for the derivatives. The
differentiation techniques based on AD rely on the assumption that the numerical
evaluation of the value of a function is always decomposed into a sequence of elementary sub-expressions, regardless of the complexity of the function itself. Therefore, if
the analytical derivatives of the sub-expressions are known, it is possible to evaluate
the derivatives of the entire function, with respect to the given independent variables,
by operating on the partial results. AD differs from the finite differences, that it does
not approximate the continuous derivatives with discrete differences.
The general form of the global algebraic equation system for all the material points
can be written as
 ∂R

1x
∂u1x
∂R1y


 ∂u1x
 ∂R1z

 ∂u1x
 ..
 .
 ∂Rnx

 ∂u1x
 ∂Rny
 ∂u1x
∂Rnz
∂u1x

∂R1x
∂u1y
∂R1y
∂u1y
∂R1z
∂u1y

∂R1x
∂u1z
∂R1y
∂u1z
∂R1z
∂u1z

∂Rnx
∂u1y
∂Rny
∂u1y
∂Rnz
∂u1y

∂Rnx
∂u1z
∂Rny
∂u1z
∂Rnz
∂u1z

..
.

..
.

···
···
···
..
.

∂R1x
∂unx
∂R1y
∂unx
∂R1z
∂unx

∂R1x
∂uny
∂R1y
∂uny
∂R1z
∂uny

···
···
···

∂Rnx
∂unx
∂Rny
∂unx
∂Rnz
∂unx

∂Rnx
∂uny
∂Rny
∂uny
∂Rnz
∂uny

..
.

..
.
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∂R1x
 
∂unz
u1x
∂R1y 


∂unz   u1y 

∂R1z  

∂unz   u1z 




R1x
 R1y 


 R1z 


..   ..  =  .. 
  

. 
 .   . 
∂Rnx  

u  
∂unz   nx 
Rnx 
∂Rny  u 

Rny 
ny
∂unz 
unz
Rnz
∂Rnz
∂unz

(4.60)

where Ri (i = 1, 2, ..., n) is the residual force vector for a material point, n is the total
number of material points. For each row or column associated with a material point,
the number of nonzero components and their locations depend on the total number
of neighboring material points that directly, within its neighborhood, and indirectly,
within its neighbors’ neighborhood, interacting with the material point and their
global indices. This direct and indirect interactions are due to the nonlocality in the
calculation of the force density states T[X, t] and T[X′ , t] in Eq. (4.1), respectively.
In the following content, let us assume the material point whose stiffness matrix
components to be constructed using the AD technique is α and the total numbers
of interacting neighbors, including the material point it self, is nα . The components
∂Rαi
(i, j = x, y, z) associated with material point α and its neighboring material
∂uβj
point β whose neighborhood has nβ material points can be obtained by performing
the following chain rule as
(α)
nα
(γ)
∂Rαi ∂Tγi
∂Rαi ∂Tαi 
∂Rαi X
=
−
.
(α) ∂u
(γ) ∂u
∂uβj
βj
βj
∂T
∂T
γ=1
γi
αi

(4.61)

The residual force of material point α depends on the force density states of all
bonds connecting α with its neighborhood material points, which can be represented
using a computational graph shown in Figure 4.1. In AD, each quantities involved
(α)
in the graph is called a node, such as root node Rαi and nodes Tβi . All nodes of
(α)

the same quantities form a layer, such as nodes Tβi . The connection between nodes
at different layers is called a edge. There is a weight associated with a edge, whose
value is the derivative between the two nodes connected by the edge. For example,
(α)
αi
. Based on the expression
the weight for the edge between nodes Rαi and Tβi is ∂R(α)
∂Tβi

for the force density state given in Eq. (4.14), all the nodes needed to construct the
αi
stiffness component ∂R
are listed in Figure 4.1 and Figure 4.2. The computational
∂uβj
(α)

(β)

graphs under the nodes of Tβi and Tαi are shown in Figure 4.2.

Figure 4.1: The computational graph of the firs two layers of the AD network.
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(α)

Figure 4.2: The computational network of AD for performing the chain rule on

∂Tβi
∂uβj

(β)

and

∂Tαi
∂uβj

.

At the beginning, the value of the root node of Rαi is set to 1.0. The weight of
an edge is calculated from the derivative between the pair of nodes at its ends. For
(α)

∂T

(α)

(α)

example, the weight of the edge between nodes Tβx and P33 is equal to ∂Pβxα , which
33
can be calculated from Eq. (4.14). The value at each node can be calculated from
(α)
merging its upstream edges. For example, the value at node ε33 is calculated by

(α)
val(ε33 )

=

3 X
3
X

(α)

(α)
(α)
val(Prs
)w(Prs
, ε33 )

(4.62)

r=1 s=1
(α)

(α)

(α)

(α)

where val(ε33 ) and val(Prs ) are the value at nodes ε33 and Prs , respectively, and
(α) (α)
the weight of the edge between these two nodes w(Prs , ε33 ) is calculated by
(α)

(α)

(α)
w(Prs
, ε33 ) =

∂Prs

(α)

.

(4.63)

∂ε33

The calculation process propagates from the top layer to the bottom layer in the
computational graph (Figures 4.1 and 4.2). Once the values of all nodes in the entire
αi
computational graph are computed, the value of ∂R
can be obtained by summing
∂uβj
(α)

(β)

the nodal value of uli and umi under branch of the nodes Tβi and Tαi , respectively,
for all β = 1, 2, · · · , nα . Other components in the stiffness matrix can be calculated
by repeating the exact same procedure until the whole stiffness matrix is constructed.

61

4.6

Numerical Study

In the numerical study presented in this paper, a special case of the strain energy
density function is considered, by choosing
1
1
ã1 = 0, ã2 = 0, ã3 = 0, ã4 = µl2 , ã5 = − µl2
2
2

(4.64)

where l is a material length scale parameter [66, 67].
Using the relations given in Eqs. (4.37) - (4.46), the corresponding gradient
parameters for the Type II and Type III models are determined as
â1 = 0, â2 = 0, â3 = 0, â4 = 2µl2 , â5 = −2µl2 ,
a1 = 0, a2 = 0, a3 = µl2 , a4 = 0, a5 = 0.

(4.65)
(4.66)

Since all three types of Mindlin first gradient models yield the same gradient of
the first Piola-Kirchhoff stress, we only present the result using the Type I model
here. The constitutive relation for the double stress in Type I model becomes
1
µ̃ijk = µl2 (2κ̃ijk − κ̃kji − κ̃kij )
2
1
(1)
(1)
(1)
= µl2 (2Fkij − Fikj − Fjki )
2

(4.67)

The gradient of the first Piola-Kirchhoff stress P(1) can be found in terms of the
second-order deformation gradient F(1) as
1
(1)
(1)
(1)
(1)
Pijk = µ̃jki = µl2 (2Fijk − Fjik − Fkij ).
2

(4.68)

The above Eq. (4.68) together with the first Piola-Kirchhoff stress calculated using
the conventional continuum mechanics theory are used in Eq. (4.14) to determine
the force density state of each bond.
Based on the special case of the strain energy density function, we study the
material stability via wave dispersion analysis and the prediction accuracy via static
deformation analysis of the second-order peridynamic correspondence model in this
section.
δ
The weight function used in this study is ω = |ξ|
. For regular discretization used
in this study, the horizon size can be represented using the mesh spacing ∆x and
spacing factor m as δ = m∆x.
4.6.1

Wave Dispersion Analysis

Since the higher-order peridynamic correspondence models share the same formulation basis as the conventional first-order model [30] and the first-order model suffers
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from the material instability [28], it becomes natural to investigate the material stability of the second-order model presented in this paper. The study of wave dispersion
relations provides an insightful way to exam the material stability of the peridynamic
correspondence models. The existence of material instability in the peridynamic
correspondence model will manifest itself by presenting zero angular frequency for
non-zero wave number. In addition, a parametric study on the effect of the mesh
spacing ∆x, the spacing factor m, and the length scale parameter l on the wave
dispersion relations is also conducted.
The material properties used in this example are set dimensionless as E = 106 ,
ν = 0, and ρ = 100. A plane wave in three-dimensional space with the incidence
angle is chosen as zero is modeled using the second-order peridynamic correspondence
model. The plane wave can be described as
   
ux  ux0 
uy = uy0 ei(kX−ωt)
   
uz0
uz

(4.69)

where ω is the angular frequency and k is the wave number.
To obtain the wave dispersion relation of the second-order correspondence models,
Eq. (4.69) is substituted into Eq. (4.14) and Eq. (4.1) to form an algebraic equation
system. The angular frequency can then be solved as a function of the wave number
k. More details regarding the development of the wave dispersion relation under the
peridynamic correspondence framework can be found in Refs. [68, 69].
Since the wave dispersion of the second-order correspondence model is periodic,
only the first period of the dispersion curve is presented. The angular
frequencies
q
are normalized by the theoretical wave propagation speed, c = Eρ , and the wave
2π
number is normalized by ∆x
. The resulting wave dispersion curves are presented in
Figure 4.3. It should be noted that both roots of the equation system for the same
set of parameters are plotted, marked with the same marker and color.
As can be seen from Figure 4.3, when the length scale parameter l = 0.0 (Figures
4.3(a) and 4.3(b)), all dispersion curves intersect at least once with the wave number
axis. This indicates that the second-order correspondence model suffers from the
zero-energy mode, i.e., material instability, when the length scale parameter l being
zero, irrespective of the value of horizon size, i.e., different values of m for fixed mesh
spacing ∆x. However, with the increase of the horizon size, i.e., increase of m for
fixed mesh spacing ∆x, it can be observed that the number of intersections increases
as the spacing factor m increases. These observations are consistent with what has
been observed in the first-order peridynamic correspondence model [68, 69], since the
second-order model recovers the first-order model when the length scale parameter
l = 0.0. For the case when length scale parameter l = 0.1, it can be seen from
Figures 4.3(c) and 4.3(d) that there is no intersection in any of the dispersion curves
for all the values of spacing factor m and mesh spacing ∆x. Thus, the second-order
peridynamic correspondence model is stable when length scale parameter l = 0.1.
Nonetheless, for fixed mesh spacing ∆x, the wave becomes more dispersive with the
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(a) ∆x = 0.1, l = 0.0

(b) ∆x = 1.0, l = 0.0

(c) ∆x = 0.1, l = 0.1

(d) ∆x = 1.0, l = 0.1

(e) ∆x = 0.1, l = 1.0

(f) ∆x = 1.0, l = 1.0

Figure 4.3: Comparison of wave dispersion relations in the second-order peridynamic
correspondence model for different combinations of horizon, length scale parameter,
and mesh spacing.
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increase of horizon size, i.e., increase of spacing factor m. For the case when the
length scale parameter l = 1.0, Figures 4.3(e) and 4.3(f), similar trends of the wave
dispersion curves are observed as those for l = 0.1. However, it can be seen that the
the magnitudes of the wave dispersion curves for l = 1.0 are significantly larger than
those for l = 0.1. Comparing the figures 4.3(c) and 4.3(e), when the mesh spacing is
fixed at ∆x = 0.1, a 10x increase of the length scale parameter l results in about 10x
increase of the magnitude the curves for each of the spacing factor m. However, when
the mesh spacing is ∆x = 1.0, Figures 4.3(d) and 4.3(f), a 10x increase in the length
scale parameter just results in slight change in the magnitude of the curves. On the
other hand, a 10x increase of mesh spacing ∆x will results in about 10x increase in
the magnitude of the dispersion curves, irrespective of the value of the length scale
parameter l, Figure 4.3(c) vs Figure 4.3(d), and Figure 4.3(e) vs Figure 4.3(f). It
can be concluded that the horizon size has more significant effect on the magnitude
of the dispersion curve than the length scale parameter. When the mesh spacing is
small, e.g., ∆x = 0.1 vs l = 0.1 and 1.0, the effects of the mesh spacing ∆x and
the length scale parameter l on the wave dispersion curve are comparable. When the
mesh spacing is large, e.g., ∆x = 1.0 vs l = 0.1 and 1.0, the effect of the mesh spacing
∆x on the wave dispersion curve is more significant than the effect of the length scale
parameter l. A brief summary of the above observations is presented in Table 4.1.
Invariant(s)

Increasing variant

Dispersiveness

l/∆x

m

Decreasing

m

l/∆x

Decreasing

m, ∆x

l

Decreasing

m, l

∆x

Increasing

Table 4.1: Effects of various parameters on the wave dispersion curve of the secondorder correspondence model
4.6.2

Linear Elastic Deformation Analysis

This example verifies the prediction accuracy of the second-order peridynamic correspondence model by conducting a linear elastic deformation analysis and comparing
the model predictions against analytical solutions obtained with and without considering length scale effect. A finite square plate with a center hole is subjected to remote
uniaxial loading, as shown in Figure 4.4. The material elastic constants are chosen
to be dimensionless as E = 1000, ν = 0.0. For discretization, the mesh spacing is set
to be ∆x = 0.05, i.e., there are 200 material points along both the x-direction and
the y-direction. Although the analytical solutions are solved using two-dimensional
plane strain assumptions, the plate is modeled as three dimensional and deformation
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in the thickness direction is not constrained except the mid-plane is fixed to avoid
rigid body motion ruin the numerical solution. The thickness of the plate is set to be
13∆x. The AD technique was used to construct the stiffness matrix for the implicit
solution scheme used in this example. The spacing factor is m = 3 for this example.

Figure 4.4: Configuration of the finite plate with a hole under simple tension.
For consistency in the comparison, the stress components from the analytical
solutions are evaluated at material point locations along a circular path with radius
r = 3.0, see the red circular path in Figure 4.5.

Figure 4.5: The material points where the stress predictions and evaluations are
plotted (the mesh spacing used in the discretization is ∆x = 0.05).
The analytical solutions of the stress fields without considering the length scale
effect are solved using the conventional continuum mechanics theory and have the
following expressions [70]
a2  pcos2θ
p
1− 2 +
2
r
2
p
a2  pcos2θ
σθ = 1 + 2 −
2
r
2
P sin2θ 3a4
τrθ = τθr =
−
2
r4
σr =


3a4 4a2
−
+
1
r4
r2
4

3a
+
1
r4

2a2
−
1
,
r2

(4.70)
(4.71)
(4.72)

where a is the radius of the circular hole and p is the magnitude of the tensile pressure.
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The analytical solutions for the stress fields considering length scale effect are
given by Mindlin using the Type III model [66] as
 A
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(4.77)

where K0 and K1 are the modified Bessel functions of the second kind of orders zero
and one, respectively, at a/l. More information regarding Bessel functions can be
found in Ref. [71].
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(a)

(b)

(c)

(d)

Figure 4.6: Comparison of stress fields predicted by the second-order peridynamic
model, the Mindlin gradient model, and the classical continuum model for l = 0.1.
The comparison results for length scale parameter l = 0.1 and l = 1.0 are presented in Figure (4.6) and Figure (4.7), respectively. As can be seen in Figure (4.6)
for l = 0.1, the difference in the stresses calculated using the Mindlin gradient model
and the conventional continuum mechanics model are very small. When length scale
parameter l = 1.0, the stress components become significantly different, as can be
seen from Figure (4.7). These observation is consistent with the fact that when the
length scale parameter l approaches to zero, the Mindlin gradient theory reduces to
the conventional continuum mechanics theory. It is also can be seen from Figures
(4.6) and (4.7) that the results from the second-order peridynamic correspondence
model agree very well with the solution by Mindlin gradient model for both values
of length scale parameter. Therefore, it is concluded that the second-order peridynamic correspondence model is able to capture the length scale effect and yields very
accurate prediction as the Mindlin gradient theory.
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(a)

(b)

(c)

(d)

Figure 4.7: Comparison of stress fields predicted by the second-order peridynamic
model, the Mindlin gradient model, and the classical continuum model for l = 1.0.
4.7

Discussion and Conclusion

In this paper, a numerical study on the second-order peridynamic correspondence
model has been presented. Specifically, investigations on the material stability and the
prediction accuracy while capturing length scale effect were conducted. The secondorder peridynamic correspondence model was connected to the three Mindlin first
gradient models by directly incorporating the constitutive models into peridynamics. Equivalency among the three resulted peridynamic correspondence models was
demonstrated. Implicit solution scheme for static or quasi-static deformation problems by constructing the stiffness matrix via the automatic differentiation method
was presented.
To investigate the material stability of the second-order peridynamic correspondence model, a parametric study on the effect of the mesh spacing ∆x, the spacing
factor m and the length scale parameter l on the wave dispersion behavior was conducted. It was observed that the second-order peridynamic correspondence model
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is stable for non-zero length scale parameter. When length scale parameter is zero
l = 0, the first-order peridynamic correspondence model is recovered. It was also
l
observed that increasing the size of either m, ∆x
, or l the dispersiveness of the dispersion curve decreases, while decreasing the size of the mesh spacing ∆x leads to less
dispersive curve. It is also concluded that the effect of the mesh spacing ∆x on the
wave dispersion curve is more significant than the effect of the length scale parameter
l.
To verify the prediction accuracy while being able to capture length scale effect
of the second-order correspondence model, a linear elastic deformation analysis was
conducted for two length scale parameters, i.e., l = 0.1 and l = 1.0. Comparing the
model predicted stress fields with analytical solutions from the Mindlin first gradient theory and the conventional continuum mechanics theory, it was found that the
peridynamics predictions match very well with the Mindlin first gradient solution for
both length scale parameters. When the length scale parameter l = 1.0, there is
strong length scale effect in the material as predicted by the Mindlin first gradient
theory. The second-order peridynamic correspondence model was able to capture
this length scale effect and yielded very accurate results. It was concluded that the
second-order peridynamic correspondence model is able to capture the length scale
effect and predict very accurate result.
From the conducted study, it remains unclear whether the second-order peridynamic correspondence model will be stable for very small length scale parameter l.
As can be seen from the comparison among the peridynamic predictions and the
solutions from the Mindlin first gradient theory and the conventional continuum mechanics theory shown in Figure (4.6), the difference among the three results is very
small for l = 0.1. It is expected that with the further decrease of the length scale
parameter, the difference will become minimum. Therefore, the conventional continuum mechanics theory still yield relative accurate solution, hence the stabilized
first-order peridynamic correspondence model can be used [68, 69].
Future work is to conduct material failure modeling and simulation using the
developed second-order peridynamic correspondence model at small length scale.

Copyright© WaiLam Chan, 2022.
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Chapter 5 Conclusion and Future Work

This study focuses on improving the peridynamic material correspondence formulation by resolving two fundamental issues. The first issue is the material instability,
which results in severe oscillations in the predicted displacement fields. The second
issue is the inability of capturing the length scale effects in material’s mechanical
behavior at small length scales.
In this work, a detailed analysis on the wave dispersion relations of the bondassociated material correspondence model is presented in chapter 2, which examines
the existence of zero-energy modes in the original bond-associated correspondence
formulation. A reformulation of the bond-associated material correspondence model
is presented in chapter 3, in which numerical studies on wave dispersion and elastic
deformation problems are presented to compare the performance of the reformulation
and the original bond-associated correspondence formulation. In chapter 4, a numerical study with regard to the formulation of the second-order peridynamic material
correspondence model is presented. The original contributions and outcome of each
part of this research are listed in the following.
5.1

Original Contributions

1. Wave dispersion analysis on the original bond-associated correspondence model
In this work, a wave dispersion relation model is implemented to check the stability of the bond-associated material correspondence model. The effects of the
material point horizon size, the bond-associated horizon size, and the weight
function on wave dispersion in the bond-associated formulation are all studied.
It is found that the effectiveness of the original bond-associated formulation
in removing zero-energy modes is limited for the case of one-dimensional and
two-dimensional problem. For one-dimensional cases, the material instability
persists for all possible bond-associated horizon size when the material point
horizon is chosen as twice as large as the mesh spacing. Another significant
observation is that the initial slopes of all wave dispersion curves of the onedimensional models are larger than the value predicted by linear elasticity. The
result implies the elastic wave in the bond-associated correspondence model
travels faster than its theoretical velocity, which cannot be true. For twodimensional cases, the formulation is only stable when the material point horizon is at least three times as large as the mesh spacing.
All of these abnormal observations implied that there is an inaccurate representation of the deformation gradient and force density states in the original
formulation. The discoveries from this work have motivated the reformulation
of the bond-associated correspondence model, which is the focus of the second
stage of this research.
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2. Reformulation of the bond-associated material correspondence model
A reformulation of the bond-associated correspondence model, called Form II
bond-associated correspondence model, is proposed in this work. In the original
formulation, a force density state depends only on the bond-associated force
density state of the bond. A volume ratio is used to account for the energy
balance between the bondassociated formulation and its continuum counterpart.
In the proposed reformulation, a force density state depends on all the bondassociated force density states whose formulation involves the deformation state
of the bond. It is found that this reformulation is more effective in removing
the zero-energy modes, compared to the original formulation. The numerical
results also indicates that the predictions from the Form II model are more
accurate.
3. Wave dispersion analysis on the Form II bond-associated correspondence model
A wave dispersion analysis of the Form II bond-associated formulation is implemented in this work. It was found that the reformulation significantly improves
the material instability for both one-dimensional and two-dimensional cases.
For one-dimensional cases, the initial slope of the wave dispersion curves of the
reformulation approach that predicted by linear elasticity, while the initial slope
of the original formulation is too large. In addition, the number of intersections
of zero angular frequency for non-zero is greatly reduced. For two-dimensional
cases, the material instability for the case of m = 2, m′ = 3 using the original
bond-associated formulation is eliminated in the reformulation. For all other
combinations, both bond-associated formulations are free of material instability.
The wave dispersion analysis in this work confirms the superior stability of the
Form II formulation over the original bond-associated correspondence material
model.
4. Numerical studies of the bond-associated correspondence material
models
Numerical studies on the static deformation and dynamic wave propagation of
the bond-associated correspondence material models are presented in this work.
The results of the 1D and 2D static deformation problems are obtained from
using MOOSE, which is developed by Idaho National Laboratory. The results
from static deformation analysis are consistent with the findings from the wave
dispersion analysis. For one-dimensional cases, the original bond-associated
models predict smaller material stiffness than the theoretical value for all combinations. The original bond-associated formulation has material instability for
those combinations revealed in the wave dispersion analysis. The reformulation
predicts the correct material stiffness and has much smaller global relative errors than the original bond-associated formulation for all combinations without
material instability. For two-dimensional cases, both bond-associated formulations predict very good results compared to the FEM solution when the size of
the bond-associated horizon is small. However, the predictions from the orig-
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inal bond-associated formulation are less accurate in the cases of larger bondassociated horizon. The 3D wave propagation problem presented in this work
is implemented in FORTRAN. This analysis revealed the dynamic instability
in the original bond-associated formulation when the size of bond-associated
horizon is close to the size of material point horizon. Also, there is phase
difference in the original bond-associated formation depending on the combinations of the size of bond-associated horizon and the size of material point
horizon. Wave dispersion in bond-associated formulations is further confirmed
in the wave propagation analysis. Based on the numerical investigation and
comparison, a small bond-associated horizon is recommended for use in both
bond-associated correspondence formulation. It provides evidence that the proposed reformulation has a stronger stabilization and higher accuracy over the
original bond-associated correspondence formulation.
5.

A complete connection between the second-order material correspondence model and Mindlin’s first strain gradient theory
In this work, the constitutive relations of the three alternative formulations
(Type I, Type II and Type III) are incorporated into the second-order material correspondence model. It is demonstrated in the work that the resulting
force density states are identical regardless of whichever Mindlin first gradient
models to be considered. Since equivalency among the three resulted peridynamic correspondence models was demonstrated in this work, there is no need
to differentiate the types of constitutive relations in this model.

6. Wave dispersion analysis on the second-order material correspondence model
A three-dimensional wave dispersion analysis is implemented in this research.
When the formulation of the higher-order material correspondence model was
previously proposed by Chen and Chan, no study was conducted with regard
to the stabilization of this recently proposed formulation. The wave dispersion
analysis presented in this research helps to check the occurrence of material
instability in the model. It was found that the second-order material correspondence model is free of zero-energy modes, when the internal length scale
parameter has a non-zero value. When the internal length scale equals to zero,
the conventional peridynamic correspondence model is recovered.
7. Numerical studies of the second-order material correspondence model
A static deformation problem is implemented and presented in this work. The
numerical study was conducted for two length scale parameters, i.e., l = 0.1 and
l = 1.0. The stress fields predicted from the second-order material correspondence model are compared with analytical solutions from the Mindlin gradient
theory and the conventional continuum mechanics theory, it was found that the
peridynamics predictions match very well with the Mindlin first gradient solution for both length scale parameters. When the length scale parameter l = 1.0,
the length scale effect is strong in the material as predicted by the Mindlin first
gradient theory. The second-order peridynamic correspondence model was able
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to capture this length scale effect and yielded very accurate results. It was
concluded that the second-order peridynamic correspondence model is able to
capture the length scale effect and the predictions are very accurate result.
5.2

Future Work

1. Modeling fracture using the bond-associated material correspondence
model and higher-order material correspondence model
The numerical studies conducted in the current work considered the elastic deformation problems that have no presence of spatial discontinuities. Investigation of the performance of the bond-associated material correspondence model
and higher-order material correspondence model for fracture problems under
various loading conditions is a topic for future work.
2. Third-order peridynamic material correspondence model
A complete connection between the second-order material correspondence model
and Mindlin’s first strain gradient theory has been established as an outcome
of this research journey. As a continuation of this work, development of the
third-order correspondence formulation conditions is a topic for future work.
The third-order constitutive models from Mindlin’s second gradient theory will
be incorporated into the framework of the higher-order material correspondence
model.

Copyright© WaiLam Chan, 2022.
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